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ABSTRACT

We consider bootstrap inference for estimators which are (asymptotically) biased. We
show that, even when the bias term cannot be consistently estimated, valid inference can
be obtained by proper implementations of the bootstrap. Specifically, we show that the
prepivoting approach of Beran (1987, 1988), originally proposed to deliver higher-order re-
finements, restores bootstrap validity by transforming the original bootstrap p-value into
an asymptotically uniform random variable. We propose two different implementations of
prepivoting (plug-in and double bootstrap), and provide general high-level conditions that
imply validity of bootstrap inference. To illustrate the practical relevance and implementa-
tion of our results, we discuss five applications: (i) a simple location model for i.i.d. data,
possibly with infinite variance; (ii) regression models with omitted controls; (iii) inference
on a target parameter based on model averaging; (iv) ridge-type regularized estimators; and

(v) dynamic panel data models.

KEYWORDS: Asymptotic bias, bootstrap, incidental parameter bias, model averaging, prepiv-

oting, regularization.

1 INTRODUCTION

CONSIDER AN ESTIMATOR 6, of a population parameter 6, which is the object of inference.

Classic (first-order) asymptotic inference on 6 is based on large-sample results of the form

A d
T, :=g(n)(0, —0) = &,
where g(n) — co and, in the standard case of asymptotically Gaussian estimators, g(n) = n'/?

and & ~ N(0,0?). However, it is frequently the case that én, rather than being centered around
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0 as n grows, is asymptotically biased. Specifically, it may hold that
T, = g(n)(6n — 6) > B+ ¢y, (1.1)

where B is an unknown finite constant. Despite (1.1) implying that 6, is consistent for 6,
inference based on the quantiles of &7 is invalid, unless B = 0.

Cases of asymptotically biased estimators arise in all areas of econometrics and statistics.
For instance, they can appear in regression models with omitted controls (Li and Miiller, 2021),
model averaging estimation (Liu, 2015), shrinkage and lasso-type estimators (Knight and Fu,
2001), incidental parameter problems (Hahn and Kuersteiner, 2002), nonparametric inference
(Calonico, Cattaneo, and Titiunik, 2014, Calonico, Cattaneo, and Farrell, 2018, Cattaneo and
Jansson, 2018), among others. In some cases B can be estimated, but that is not always the
case, and asymptotic inference based on 0, is generally infeasible.

The bootstrap, which is well known to deliver asymptotic refinements over first-order asymp-
totic approximations as well as bias corrections (see Hall, 1992, and Horowitz, 2001), cannot
in general be applied to solve the asymptotic bias problem in cases where a consistent estima-
tor of the asymptotic bias does not exist. Specifically, consider a bootstrap procedure generat-
ing a bootstrap analogue of én, say é;, from an auxiliary bootstrap sample with bootstrap true
value 6,,. Ideally, as in e.g. Cattaneo and Jansson (2018), the bootstrap analogue of T,,, say T,

should mimic the asymptotic distribution in (1.1); that is,

T = g(n) (0% — 0,) S, B+ ¢, (1.2)

n

where ‘ﬂp’ denotes weak convergence in probability, meaning that P*(T}; < u) —, G(u — B),
with G(u) being the cumulative distribution funtion [cdf] of £; and P* the probability measure
induced by the bootstrap (i.e., conditional on the original data). However, the result in (1.2)
cannot usually be achieved. In particular, there are at least two main reasons for failure of the
bootstrap.

The first reason is when the asymptotic bias cannot be replicated in the bootstrap world.
In this case, the large sample distribution of T)f converges (in probability) to the distribution
function of &1, rather than B+&;. Therefore, the bootstrap fails to mimic the bias. For example,
this happens when the bootstrap sample is based on m = o(n) observations, as for classic ‘m out
of n’ bootstrap schemes (Arcones and Giné, 1989) or subsampling algorithms (Politis, Romano,
and Wolf, 1999).

The second reason is when the asymptotic bias term in the bootstrap world includes a
random (additive) component, say &. If this is the case, the bootstrap distribution is random
in the limit and hence cannot mimic the asymptotic distribution given in (1.1). Specifically,
rather than (1.2), it may hold that

P*(T; <u) = G(u— B — &) (weakly).

In general, this case occurs because in the bootstrap world, population parameters (which are
non-random in the original world) are replaced by bootstrap analogues which are random in the
bootstrap world, even in the limit. As a consequence, the limit bootstrap measure is random,

thus invalidating the bootstrap as a means for estimating the limit distribution (1.1).



In both scenarios, the bootstrap does not mimic the asymptotic distribution of the original
statistic. In particular, in both cases the distribution of the bootstrap p-value is not asymptot-
ically uniform, and the bootstrap cannot deliver hypothesis tests (or confidence intervals) with
the desired null rejection probability (or coverage probability).

In this paper we show that, in this non-standard case where inference involves an asymp-
totically biased estimator that cannot be bias-corrected, valid inference can successfully be re-
stored by proper implementation of the bootstrap. This is done by focusing on the properties
of the bootstrap p-value, say p,, rather than on the bootstrap as a means of estimating lim-
iting distributions, which is infesible due to the asymptotic bias. In particular, we show that
such implementations lead to bootstrap inferences which are valid in the sense that they pro-
vide asymptotically uniformly distributed p-values.

Our inference strategy is based on the fact that, for some bootstrap schemes, the large-
sample distribution of the bootstrap p-value, say H(u), u € [0,1], although not uniform, does
not depend on B. That is, we can search for bootstrap algorithms which generate bootstrap p-
values that, in large samples, are not affected by unknown bias terms. When this is possible,
we can make use of the prepivoting approach of Beran (1987, 1988), which — as we will show in
this paper — allows to restore bootstrap validity by tranforming the original bootstrap p-value
using the unconditional distribution H. Specifically, provided p, has asymptotic cdf H, then
under mild conditions, H(p,) is uniformly distributed in large samples. Hence, the mapping
Pn — H(pp) is the key transformation to solve our inference problem. Interestingly, while
Beran (1987, 1988) proposed this approach to obtain asymptotic refinements for the bootstrap,
as far as we are aware it has never been applied to asymptotically biased estimators before.

Although the asymptotic distribution of the bootstrap p-value, H, does not depend on B, it
can still be unknown, as it may depend (often in a non-trivial manner) on a (possibly infinite-
dimensional) vector of nuisance parameters, even in the limit. Therefore, we propose different
alternative approaches to estimating H.

First, we show that if a consistent estimator of the nuisance parameters exist, then H can be
estimated using a simple plug-in approach. That is, if H = H.,, where v is the vector of nuisance
parameters, and a consistent estimator 4, of 7 is available, then the mapping p, — Hs,, (9n)
will deliver asymptotically uniform p-values.

Second, we show that if estimation of ~ is difficult (e.g., v does not have a closed form ex-
pression), estimation of H can be done by using a ‘double bootstrap’ scheme, where the under-
lying idea is that inference on functionals of the bootstrap data can be built up by bootstrap-
ping the bootstrap sample itself. The double bootstrap (Efron, 1983; Hall, 1986; Beran, 1987,
1988) has been employed in the statistics literature to improve the coverage of confidence sets
and of bias correction methods; see Chang and Hall (2015) and the references therein. Our
context is different: we show that the double bootstrap allows estimation of the (unknown and
non-uniform) distribution of the bootstrap p-value by resampling from the bootstrap data orig-
inated in the first level.

For both methods, we provide general high-level conditions that imply validity of the pro-
posed approach. Our conditions are not restricted to asymptotically Gaussian estimators and

statistics. For instance, common assumptions such as finite variance or stationarity are not re-



quired. Moreover, our methods are not specific to a given bootstrap method; rather, they can
in principle be applied to any bootstrap scheme satisfying the proposed sufficient conditions for
asymptotic validity.

Our approach is related to recent work by Shao and Politis (2013) and Cavaliere and Georgiev
(2020). In particular, a common feature is that the distribution function of the bootstrap
statistic, conditional on the original data, is random in the limit. Cavaliere and Georgiev (2020)
emphasize that randomness of the limiting bootstrap measure does not prevent the bootstrap
from delivering an asymptotically uniform p-value (bootstrap ‘unconditional’ validity), and
provide results to assess such asymptotic uniformity. Our context is different, since the presence
of an asymptotic bias term renders the distribution of the bootstrap p-value non-uniform, even
asymptotically. In this respect, our work is related to Shao and Politis (2013), who show that
t-statistics based on subsampling or block bootstrap methods with ‘fixed-b’ bandwidth (Kiefer
and Vogelsang, 2005) may deliver non-uniformly distributed p-values which, however, can be
estimated.

To illustrate the the practical relevance of our results and to show how to implement them in
applied problems, we initially discuss the main ideas by focusing on inference based on a model
averaging estimator obtained as a weighted average of least squares estimates from two simple
regression models; see, e.g., Hansen (2007). We show that even in this simple setting, model
averaging induces a bias component when non-trivial weight is given to a misspecified model.
The bias component does not vanish asymptotically and it may even diverge. While standard
bootstrap implementations fail in this case, we show how our proposed bootstrap approach
leads to valid inference.

In Section 4 we consider five well-known problems involving estimators that feature an
asymptotic bias term.

First, we consider a simple location model without the assumption of finite variance. This
case is non-standard, as the limit theory is no longer Gaussian and estimators converge at an
unknown rate. We show that although classic bootstraps for infinite variance data fail, our
approach delivers valid inference.

Second, we consider a regression model with omitted controls, as discussed in, e.g., Li
and Miiller (2021). We show that, although the omission of significant regressors induces an
asymptotic bias, our method — when applied to the biased estimator — delivers valid inferences.

Third, we revisit the model averaging example in a much more general setting. In the context
of Hjort and Claeskens (2003) and Liu (2015), who assume that the non-targeted parameters are
local-to-zero, we show that a simple bootstrap algorithm which uses the full model to generate
the data, allows for post-model averaging inference unaffected by the asymptotic bias. This
complements Hounyo and Lahiri (2021), who show that the bootstrap provides a consistent
estimator of the asymptotic variance.

Fourth, we consider estimation of a vector of regression parameters through regularization;
in particular, by using a ridge estimator. The ridge estimator can be asymptotically biased when
the regularization parameter does not offset the magnitude of the regression coefficients; see
Knight and Fu (2001). Standard bootstrap implementations are invalid in this case (Chatterjee

and Lahiri, 2010, 2011). Nevertheless, we show that despite the presence of bias, we can con-



struct asymptotically valid (double) bootstrap tests of significance based on the ridge estimator.

Fifth, we consider inference based on panel data estimators subject to incidental parameter
bias. In the context of a general nonlinear panel data model, the cross sectional pairs bootstrap
(Dhaene and Jochmans, 2015) cannot replicate the bias and consequently is invalid. We show
that a prepivoting approach based on a plug-in estimator of the bias is valid (see also Higgins
and Jochmans, 2022).

STRUCTURE OF THE PAPER

The paper is organized as follows. In Section 2 we preview our main results using a simple
model averaging estimator. Section 3 contains our general results, which are specialized to the
case of asymptotically Gaussian statistics in Section 3.4. Section 4 contains the five applications

of our results and Section 5 concludes. All proofs are collected in the appendix.
NOTATION

Throughout this paper, the notation ~ indicates equality in distribution. For instance, Z ~
N(0,1) means that Z is distributed as a standard normal random variable. We write ‘x := y’
and ‘y =: 2’ to mean that z is defined by y. The standard Gaussian cdf is denoted by ®; Ujg
is the uniform distribution on [0,1], and Iy} is the indicator function. If F'is a cdf, F~! denotes
the right-continuous generalized inverse, i.e., F~!(u) := sup{v € R : F(v) < u}, u € R. Unless
specified otherwise, all limits are for n — oco. The space of cadlag functions R — R (equipped
with its Skorokhod Jj-topology; see Kallenberg, 1997, Appendix A2) is denoted by D(R). For
matrices a, b, c with n rows, we let Sy := a’b/n and Syp.c := Sap — SacSe!Sep, assuming that
See has full rank.

For a (single-level) bootstrap sequence, say Y,", we use Y, p—*>p 0, or, equivalently, or Y p—*> 0,
in probability, to mean that, for any € > 0, P*(|Y;¥| > €) —, 0, where P* denotes the probability
measure conditionally on the original data D,,. An equivalent notation is Y, = op+(1) (where
we omit the qualification “in probability” for brevity). We also write ¥, = O, (1) to mean that
P*(|Y;| > M) — 0 for some large enough M. Similarly, for a double bootstrap sequence, say
Y, we write Y, = op+ (1) to mean that for all e > 0, P**(|Y,*| > ¢) p—*>p 0, where P** is the
probability measure conditional on the first-level bootstrap data D} and on D,, and we write
Y = Op++(1) to mean that there exists M < oo such that P**(|Y,*| > M) p—*>p 0.

We use Y,* ﬂp & or, equivalently, Y,* LN &, in probability, to mean that, for all continuity
points u € R of the cdf of £, say G(u) := P({ < u), it holds that P*(Y,y < u) — G(u) —, 0;
or, setting X, (u) := P*(Y,y < u) — G(u) (a function of D,), that X, (u) —, 0. Similarly, for
a double bootstrap sequence Y, *, we use Y, Cﬁ;p* &, in probability, to mean that X (u) :=
P*(Y* <u)— G(u) satisfies X} (u) p—*>p 0 for all continuity points u of G.

2 MODEL AVERAGING AND PREVIEW OF MAIN RESULTS

To motivate our framework, consider the following simple, illustrative example. Suppose we

observe a sample Dy, := {y;, xy, 25t = 1,...,n} generated by the linear regression model

ye =0z + 0z + 4, &~ 1.1.d.N(0,1), (2.1)



where, for simplicity, we assume a Gaussian distribution with a known variance 0? = 1. The
regressors are univariate, non-stochastic, and linearly independent for all n. The goal is inference
on 6, such as testing the one-sided null hypothesis Hg : 8§ = 6y versus H; : 8 < 6y, using model
averaging.

The researcher estimates 6 by averaging two estimators; élong is the OLS estimator from the
regression of y; on (x4, 2¢)', and Oshort is the OLS estimator from the regression of y; on xy, i.e.
omitting z;. That is,

0, = wélong +(1- w)éshort, (2.2)

where w denotes a fixed combination weight. Specifically, élong = S, Suy.» and Oshore =

S-1S.,. The estimator 0,, is biased unless w = 1 or § = 0. Consider now the test statistic
T = V16 — 00) = wv/n(B1ong — 00) + (1 — W)V (Bshort — 60).-

The researcher wishes to conduct inference on 8 using the statistic 75,.
Since Gjong = 0o + Syt Sue.» and Ogport = 0o + S5t S22 + S5t Sue, it holds that

rxr.z

Tpn = (1 — w)S;tSent?6 + (1 — w) St Spen'/? + wS,L Spen? ~ By + €1

Trr rxr.z

::Bn NN(O,U%TL)

with &, ~ N(O, vin); vin is derived in Appendix B.1. Equivalently, T}, — B, ~ &1 . Hence,
because of the presence of B, inference based on quantiles of the N (O,Uin) distribution is
invalid. Note that, under the local-to-zero assumption & = cn~Y2, the term B, is O(1), while
if § is fixed B, diverges. The results in this section hold under both scenarios.

The fact that the distribution of T}, is not centered at zero also complicates bootstrap
inference, as we now show. Consider a bootstrap sample D} := {y;;t =1,...,n} generated

using estimates from the long model,
Ui = Olongt + Otongz + €5, &F ~ 1LA.N(0,1).
Then, the bootstrap analogue of the model averaging estimator estimator (2.2) is given by
0r, = whippg + (1= w)0%0re;

with él*(m , and é:h or¢ denoting the OLS estimators of § from the long and the short regressions

based on D}, respectively. The bootstrap analogue of T, is
T:; = \/ﬁ(é* - élong) = w\/ﬁ(él*ong - élang) + (w - 1)\/ﬁ(é:hort - élong)v

where éhmg is the bootstrap true value since we generate D} using élong- It is straightforward

to see that, conditionally on D,,,

T = (1 — w) sz Suzn 1oy + (1 — w) S Spern? + WS}, Sper 2n'/? ~ N(By, 27 ,).

Trr rx.z

::Bn NN(O’v%!")

The presence of the (random) term B, implies that

A~

T3\ Dy, ~ N(By,v1,,)| By,



or, equivalently, (T — By,)| Dy, ~ &1
Consider a bootstrap test that rejects Hy at nominal level a whenever p,, < «, where p,, is
the standard bootstrap p-value
pn = P*(T); <T,).
To control the asymptotic size of the test, a crucial condition is that p,, converges in distribution
to Ujpy)- As it turns out, this condition is not satisfied in this context. The reason is that

By, — B, is non-zero and, in general, does not vanish (unless w =1 or S,, = 0), because
Bn — By, =(1- W)Soc_xlszZ(nl/Q(Slong - 5)) ~ &2.ns

with &2, ~ N (O, vgm); U%n is given in Appendix B.1. Hence,

T:—-B, T,-B T, — B

Ul,n Vin

because T — B,|D,, ~ N (0, v%n) Under our assumptions,
T — Bn = (Tn - Bn) - (Bn - Bn) ~ fl,n - fQ,n ~ N (07 Uin) )

where vfl , > 0is given in Appendix B.1 and N (O, vfl n) equals vd,nq)_l(U[O’l]) in distribution.
Hence, setting m, := v4y/v1,n, we have that
o (Ud,nq)_l(U[O,l])

Pn =
Ul,n

> ~ ®(mn® ' (Up1)) # Uppa)s (2.3)

unless m,, = 1. The failure of the standard bootstrap p-value p,, is due to the fact that the bias
term B,, cannot be replicated by the bootstrap bias B, except when B, — B, has a degenerate
distribution, which occurs only when w =1 (i.e., when 0, = élong). Notice also that failure is
not a finite-sample problem: under standard conditions on the regressors, m,, will not tend to

one as n — oQ.

REMARK 2.1 It is shown in Appendiz B.1 that m, = (1 — (1 — w?)p2,)"V2, where p,, =
sz(SMSZZ)_l/2 is the sample correlation between x and z. Clearly, m,, equals one if (i) w =
1, i.e. all weight is assigned to the large model, or (ii) py, = 0, i.e. the two regressors are

orthogonal.

Bootstrap failure in the model averaging context is not new; see Hjort and Claeskens (2003),
who pointed out the bootstrap invalidity when w is random, and Section 4.3 below. As our ex-
ample illustrates, the bootstrap fails even when weights are fixed rather than random. However,
in our context, it is indeed possible to solve the bootstrap invalidity problem, as we explain next.

The idea is as follows. Because p, ~ ®(m,®~ (U 17)), its distribution function is

Hy(u) := P(pn < u) = P(®(mn® (U 1)) < w)
= P(Up) < ®(m;,' @7 (u)) = @(my, @7 (u)),

implying that
Hy(pn) = ®(my, @7 (pn)) ~ Upp,y.

7



Thus, a test that rejects Hyp whenever H,(p,) < « is exact. The mapping of p,, into H,(py,)
amounts to the prepivoting approach of Beran (1987), who introduced this idea as a way of
obtaining asymptotic refinements for the classic bootstrap. Our application of prepivoting is
new: we use it to transform an invalid bootstrap p-value into a valid modified bootstrap p-value.

Prepivoting in this example can be implemented analytically because we observe the finite-
sample distribution of p,,. This follows from the Gaussianity assumption and the fact that the
only parameter that enters the distribution of the test statistic is m,, which is known in this
example. In more realistic applications, this is no longer the case, but we can approximate the
distribution of p,, with a (double) bootstrap estimator or a ‘plug-in’ estimator of its limiting
distribution.

To explain the double bootstrap approach, suppose we do not know H,,(u) and therefore we
cannot compute H,(p,) analytically. A bootstrap prepivoting approach consists of using the
bootstrap to obtain a bootstrap estimator of H,(u), say H’n(u), and then using this approxi-

mation to compute H, (p,). Given that H, (u) = P(p, < u), we can define the estimator
Hy(u) := P*(py, <),

where p} is the bootstrap analogue of p,. Since p, is itself a bootstrap p-value, computing p;,
requires a double bootstrap, which can be implemented as follows. Let D* := {y;*;t =1,...,n}
and

Uit = 0yt + Ofpngzt + €17, € ~ 1LLA.N(0,1),

where éfon , and Sl*on , are obtained from D} (and not only D,,), as defined above. Importantly,

the €;*’s are independent of both D,, and D};. The ‘second-level’ bootstrap estimator of 0y is

Nx* . kk Nk
On E welong + (1 - w) short»

*k

long and é;“;‘L ort are the OLS estimators of 6 from the long and the short regressions based

where 6

on D}*, respectively. This implies that
Trt* = \/5(9:* - ezkong) = w\/ﬁ(ezk:ng - Hikong) + (O.) - 1)\/ﬁ( :;(LO'I’t - ezkong)‘
As for the standard bootstrap, it is straightforward to see that, conditionally on D} and D,

Tr* = (1= w) Syt Suzn200,,y + (1 — w) Syt Spewen? + WS Spevs o' /? ~ N (B, 01 ).

rx.z

_ B ~N(002,)
Here, the presence of the random term E;‘; implies that the second-level bootstrap statistic is
conditionally biased,
Ty {D;,, Du} ~ N(Bj, 01 ,)| By,

or, equivalently,
T’:* - BZHD:” Dn} ~ gl,n-

Hence, and crucially, T* — B;;, T — B, and T}, — B all share the same distribution function,

given by the cdf of & 5.



With this notation, the second-level bootstrap p-value is defined as
by =PI < T7),

where P** is the bootstrap probability measure induced by resampling from D} (making p! a
function of D}). We have that

Vl,n - Uin Uln

because T* — BX|{D*,D,} ~ N (0,vf,,). Using the fact that
Ty — By = (T = Ba) = (B, = By) ~ €10 — &2 ~ N (0,03,,) ~ van®" (Ujg ),

we have that
P~ ©(mp® (U 1)),
where m,, is as defined previously. Therefore

Hy(u) = P*(p}, < u) = P*(@(mn @ (U n))) < u) = B(my, ' 7" (u)) = Hy(w).
This shows that the bootstrap distribution function of p;, coincides with the distribution function
of p,. Thus, in this example, the double bootstrap modified p-value is exactly equal to the

analytically modified p-value:

Pn = f{n(ﬁn) = @(mglq)—l(ﬁn)) = Hp(pn) ~ Upp,1j-

REMARK 2.2 Notice that the results given in this section are exact and do not require n — oo.
This follows from the assumption that the distribution of the errors is N(0, 1) and known. Should

this not be the case, then the arguments hold as n — oo under mild conditions; see Section 4.35.

REMARK 2.3 The pairs bootstrap is another well-known alternative to the fized regressor boot-
strap discussed above. It can be shown that the pairs bootstrap fails to estimate both the mean
and variance of the distribution of T),, but nonetheless the double bootstrap and our methodol-

ogy deliver valid p-values in this setup as well. See Section 4.3 for details.

In Table 1 we present the results of a small Monte Carlo simulation experiment to ilustrate
the above results numerically. We generate the data from the regression model (2.1) with sample
sizes n = 10,20,40. The regressors are multivariate normally distributed with unit variances
and correlation 0.7, and the errors are either standard normal, t3, or X% distributed. The true
values are § = 1 and 6 = 1 (although the results are invariant to the true values because
we use the unrestricted estimates to construct the bootstrap samples). The estimator is (2.2)
with w = 1/2. We consider two bootstrap schemes. The first is the parametric bootstrap
scheme, where ¢ ~ 1.i.d.N(0, 1), which is denoted as “par.” in the table. The second is the
non-parametric bootstrap scheme, where ¢; is re-sampled independently from the centered
residuals {&; — E}tzlymvn, which is denoted as “non-par.” Results are based on 10,000 Monte
Carlo simulations and B = 999 bootstrap replications.

The simulation outcomes in Table 1 clearly ilustrate our theoretical results. The standard

bootstrap p-value, p,, is much larger than the nominal level of the test. The plug-in modified



Table 1: Simulated rejection frequencies (%) of bootstrap tests

5% nominal level 10% nominal level

par. non-par. par. non-par.

dist. n ﬁn ﬁn,p ﬁn,d ﬁn ﬁn,p ﬁn,d ﬁn ﬁn,p ﬁn,d ﬁn ﬁn,p ﬁn,d

N 10 101 56 5.2 15.2 10.8 5.8 15.9 10.7 10.0 20.2 155 10.2
20 103 5.1 5.1 12.0 7.2 4.8 16.1 10.7 10.6 17.7 123 9.9
40 99 5.0 5.0 105 5.8 4.9 15.6 10.1 10.1 159 11.0 9.6

t3 10 76 41 4.1 15.2 10.0 5.6 11.7 75 7.5 204 152 99
20 81 43 43 122 69 4.9 13.3 83 85 18.1 123 9.8
40 76 4.0 4.0 10.8 59 5.2 129 8.0 8.0 17.1 11.1 9.9

X2 10 7.6 41 4.1 16.2 11.2 6.4 13.0 85 85 219 16.2 10.8
20 81 43 43 129 7.6 5.3 13.3 87 87 19.1 13.2 10.3
40 76 53 5.2 109 5.8 4.8 129 9.7 9.7 173 122 9.8

Notes: p, denotes the standard bootstrap; p,, and p, 4 denote the modified bootstrap using
the plug-in and the double bootstrap methods, respectively. The parametric bootstrap scheme,
where ¢} ~ 1.i.d.N(0, 1), is denoted as “par.” and the non-parametric bootstrap scheme, where
e; is re-sampled independently from the centered residuals {&; — g}t:17.“7n, is denoted as “non-
par.” The &;’s are i.i.d. draws from (standardized) N, t3, and x? distributions. Results are
based on 10,000 Monte Carlo simulations and B = 999.

p-value, py, p, is close to the nominal level for the parametric bootstrap scheme, but is still over-
sized for the non-parametric scheme with the smaller sample sizes. Finally, the double bootstrap

modified p-value, p, 4, is nearly perfectly sized throughout the table.

3 GENERAL RESULTS

3.1 FRAMEWORK AND INVALIDITY OF THE STANDARD BOOTSTRAP

The general framework is as follows. We have a statistic T,, = T'(D,,), defined as a general func-
tion of a sample D,,, for which we would like to compute a valid bootstrap p-value. Usually T},
is a test statistic or a (possibly normalized) parameter estimator. Let D} denote the bootstrap
sample, which depends on the original data and on some auxiliary bootstrap variates (which we
assume defined jointly with D,, on a possibly extended probability space). Let T = T'(D) be
a bootstrap analogue of T}, and let L, (u) := P*(T < u), u € R, denote its distribution func-

tion, conditionally on the original data. The bootstrap p-value is defined as

P i= P*(TF < Tp) = Ln(T).

First-order asymptotic validity of p,, requires that p,, converges in distribution to a standard
uniform distribution, i.e. that p, —4 Ujg ). In this section we focus on a class of statistics T5,
and T} for which this condition is not necessarily satisfied. The main reason is the presence of
an additive ‘bias’ term B,, which contaminates the distribution of T}, and cannot be replicated
by the bootstrap distribution of 7).

ASSUMPTION 1 T, — By, —4 &1, where G (u) = P(& < u) is a continuous cdf.
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When B,, converges to a nonzero constant B, Assumption 1 can be rewritten as
d
T, — B+ 617

where B represents a shift of the center of the distribution G,. If §; is centered at zero and 7,
is a normalized version of a (scalar) parameter estimator, i.e. T), = g(n)(f, — ), then we can
think of B as the asymptotic bias of O, Although we do not require & to have zero mean and
we allow for the possibility that B, does not have a limit (and it may even diverge), we will
still refer to B,, as a ‘bias term’.

The example of Section 2 is such that T,, — B, ~ &1, where £, is Gaussian for any n.
More generally, in Assumption 1 we cover any statistic T}, that is not necessarily Gaussian (even
asymptotically) and whose limiting distribution is G only after we subtract the sequence B,,.
We index the limiting distribution G by a parameter 7y to allow for the possibility that T, — B,
is not an asymptotic pivot.

Inference based on the asymptotic distribution of T}, requires estimating B,, and . Alter-
natively, we can use the bootstrap to bypass estimation of B, and v and directly compute a
bootstrap p-value that relies on 7, and T, alone, i.e. we consider p,, := P*(Tf < T,). A set
of high-level conditions on T and T;, that allow us to derive the asymptotic properties of this

p-value are described next.

ASSUMPTION 2 (i) T* — B, ﬁp &1, where & is described in Assumption 1; (ii)

Tn - Bn d él

~ — s

Bn - Bn 52
where & is such that Fy (u) = P (& — & < u) is continuous.

Assumption 2(i) states that T)¢ — B,, converges in distribution to a random variable &, having
the same distribution function G, as T,, — B,,.! Assumption 2(ii) complements Assumption 1
by requiring the joint convergence of T,, — B, and B, — B, towards &1 and &3, respectively. In
both cases, B, is a function of the original data, i.e. it is D,-measurable.

Given Assumption 2(i), we could use the bootstrap distribution of 7, — B, to approximate
the distribution of T, — B,. Since B, is typically unknown, this result is not very useful
for inference unless B,, is consistent for B,. In the latter case, Assumption 2 together with
Assumption 1 imply that p, is asymptotically distributed as Ujg 1). This follows by noting that
if B, — By, = 0p(1), then & = 0 a.s., implying that Fg(u) = G(u). Consequently,

P = P*(T; < T,) = P*(T;; — B, < T, — By)
= G(Ty, — By) + 0,(1) (by Assumption 2(i))
4 G~ (& — &) (by Assumption 2(ii) and continuity of G.)

~ U[O,l]a

'Note that we write T — B, d—*>p &1 to mean that T, — B, has (conditionally on D)) the same asymptotic

distribution function as the random variable &;. We could alternatively write that T}y — Bn d—),, & and T, — By —d>
&1 where &7 and &; are two independent copies of the same distribution, i.e. P(§; < u) = P(&] < u). We do not
make this distinction because we care only about distributional results, but it should be kept in mind.

11



where the last distributional equality holds by Fyy = G, and the probability integral transform.
However, this result does not hold if B, — B, does not converge to zero in probability. Specifi-
cally, if B, — By, =4 & (jointly with T}, — B,, =4 &1), then

Tp = By = (Tn — Bn) = (Ba — Ba) 5 €1 — & ~ F; (Up )

under Assumptions 1 and 2(ii). When & is nondegenerate, Fy, # G, implying that p, =
GA(T, — B,) 4 0,(1) is not asymptotically distributed as a standard uniform random variable.
This result is summarized in the following theorem, which generalizes the result given in (2.3)

for the example in Section 2.
THEOREM 3.1 Suppose Assumptions 1 and 2 hold. Then p, —q G,Y(FJI(U[OJ])).

REMARK 3.1 The value of B, in Assumption 2(i) depends on the chosen bootstrap algorithm.
For instance, it is possible that B, —p 0. Ezamples are given in Sections 4.1 and 4.5. If this is
the case, then Assumption 2(ii) is still satisfied; specifically, it holds with & = —B a.s., which
implies that

Fy(u) == P(§&1 — & < u) = P(& <u—B) = Gy(u—B),

and from Theorem 5.1 it follows that the bootstrap p-value satisfies
. d _
Pn — GV(G'yl(U[O,l} - B))

Notice that this distribution is not uniform unless B = 0. Hence, the p-value depends on B,

even in the limit.

REMARK 3.2 Under Assumptions 1 and 2, standard bootstrap (percentile) confidence sets are
also in general invalid. Consider in particular the case where T, = g(n)(0, — 0) and T* is its
bootstrap analogue with (conditional) distribution function Ly, (u). Interest is in constructing a
right-sided confidence set for the unknown parameter 6. Using a standard percentile method, a
confidence set at the nominal confidence level 1 — a € (0,1) obtained by test inversion is of the
form (see Horowitz, 2001, p. 3171)

CL™ = [0 — g(n)"'4u(1 — a), +00),

where Go(1 — o) := L;'(1 —a). Then,

because by Theorem 3.1 p, is not asymptotically uniformly distributed.

REMARK 3.3 [t is worth noting that, under Assumptions 1 and 2, the bootstrap (conditional)
measure is random in the limit whenever &5 is non-degenerate. Specifically, assume for simplicity
that B, —, B. Recall that Ly, (u) := P*(T} < u), u € R, and let G, ,(u) := P*(T} — B, < u).
It then holds that



where an(u) < supyeg |Gy (u) — Gy (u)| = op(1) by Assumption 2(i), continuity of G., and
Polya’s Theorem. Because B,—B —q &2, it follows that when & is non-degenerate, I:n(u) —w
G, (u — B + &), where —,, denotes weak convergence of cdf’s as (random) elements of D(R)
(see Cavaliere and Georgiev, 2020). The presence of & in G (u— B + &) makes this a random
cdf.? Therefore, the bootstrap is unable to mimic the asymptotic distribution of Ty, which is
G~ (u — B) by Assumption 1.

Next, we describe two possible solutions to the invalidity of the standard bootstrap p-value
Pn- One relies on the prepivoting approach of Beran (1987, 1988). The basic idea is that we
modify p,, by applying an empirical monotone mapping p, = H,, (p,) which makes the modified
p-value p, asymptotically standard uniform. Contrary to Beran (1987, 1988), who proposed
this approach as a way of providing asymptotic refinements for the bootstrap, here we show how
to use this approach in order to solve the invalidity of the standard bootstrap p-value p,. This
result is new in the bootstrap literature. The second approach relies on computing a standard
bootstrap p-value based on the modified statistic given by 1), — B,,. Thus, we modify the test

statistic rather than modifying the way we compute the bootstrap p-value.
3.2 PREPIVOTING

Let Hy,(u) := P(p, < u) denote the distribution function of the bootstrap p-value p,, where
u € [0, 1]. Theorem 3.1 implies that

Hy(u) = P(Go(F; (Ujo,)) < u) = P(E; (U )) < G5 (w)
= P(Up) < Fy(G5'(v))) = Fy(G5 ' (u) = H(u),

uniformly over u € [0,1], given the continuity of G and Fy. Although H is not the uniform
distribution, unless G, = Fy, the following corollary to Theorem 3.1 holds.

COROLLARY 3.1 Under the conditions of Theorem 3.1, H,(pn) —q Ulo,1)-

Therefore, the mapping of p,, into H,(p,) transforms p,, into a new p-value, H,(p,), whose
asymptotic distribution is the standard uniform distribution on [0, 1]. Inference based on Hy, (py,)
is generally infeasible, because we do not observe H,(u). However, if we can replace H,(u)
with a uniformly consistent estimator ﬁn(u) then this approach will deliver a feasible modified
p-value p, := H, (Pn). Since the limit distribution of p, is the standard uniform distribution,
Dn is an asymptotically valid p-value. The mapping of p,, into p, = H, (pn) by the estimated
distribution of the former corresponds to what Beran (1987) calls ‘prepivoting’. In the following

sections, we describe two methods of obtaining a consistent estimator of H,(u).

REMARK 3.4 The prepivoting approach can also be used to solve the invalidity of confidence
sets based on the standard bootstrap, see Remark 5.2. In particular, it suffices to replace the

nominal confidence level 1 — a by f[gl(l — ), i.e. to consider the set

-« ~ ~
N -1
n = [Hn_g(n) qn(Hn (1 —Oé)),—i-OO).
2The same result follows in terms of weak convergence in distribution of T;f|D,. Specifically, because Tj; =

T — Bn + By — Bn + By, where T — B, &, €& and (jointly) B, — B, % € with £ ~ & independent of &, we
have that T} |D,, % (B + & + &)|&.

CI
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Then, as in Remark 3.2, we obtain

P(6 € CT, ") = P(p < Hy (1)) +0(1) = P(Hy(pn) <1 - 0a) +o(1) =+ 1 —a.

where the last convergence is implied by Corollary 3.1 and consistency of H,.

REMARK 3.5 The result in Corollary 3.1 can also be used if interest is in right-tailed or two-

tailed tests. Consider first a right-tailed p-value, say pp, = P*(T} > T,) = 1 — L,(T,) =
1 — pp, (notice that, because the conditional cdf of T, is continuous in the limit, this p-value is
asymptotically equivalent to P*(Ty > T,)). It holds that Hy ,(u) := P(pn, < u) = P(pn >
1 —u) =1—Hy(l—u)+ op(1) uniformly in u. Therefore, the modified right-tailed p-value,
Py = Hp r(Pnr), satisfies

~ o A~ d
Pnyi=1— Hn(l - pn,r) + 0p<1) =1- Hn(pn) + Op(l) - U[O,l]

by Corollary 3.1. Similarly, for two-tailed tests we can use the equal-tailed bootstrap p-value
Pn,et = 2min{ﬁn(Tn), 1-— ﬁn(Tn)} = 2min{pp, 1 — Pnr} = 2min{p,, 1 — P, }, which satisfies
Pn,et —d Upp,1) by Corollary 3.1 and the continuous mapping theorem.

3.2.1 PLUG-IN APPROACH

In view of Theorem 3.1, a simple approach to estimating H,(u) = P(p, < u) is to use
Aa(w) = F; (G5 (u),

where 4, and qgn denote consistent estimators of v and ¢, respectively. This leads to a plug-in

modified p-value defined as
P = Fén(Gﬁ_nl (Pn))-

By consistency of 4, and gEn and continuity of Fy and G5, it follows immediately that

B = Fs(G5 (9n) + 0p(1) % Fy(G3H(GH(F, Upo))) = Upp -

This result is summarized next.

COROLLARY 3.2 Under Assumptions 1 and 2, if (3, ¢n) —p (7, ) then pp, = Fy (G;n1 (Pn)) —>d
U[O,l]'

The plug-in approach relies on consistent estimators of the asymptotic distributions G, and
Fy, but does not require estimating the ‘bias term’ B,,. When estimating v and ¢ is simple, this
approach is attractive since it does not require any double resampling. However, computation
of v and ¢ is case specific and may be cumbersome in practice. An automatic approach is to

use the bootstrap to estimate H,(u), as we describe next.
3.2.2 DOUBLE BOOTSTRAP

Following Beran (1987, 1988), we can estimate H,,(u) with the bootstrap. That is, we let
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where p} is the bootstrap analogue of p,. Since P, is itself a bootstrap p-value, computing p;,
requires a double bootstrap. In particular, let D;* denote a further bootstrap sample of size
n based on D} and some additional bootstrap variates (defined jointly with D,, and D} on a
possibly extended probability space); let T** denote the bootstrap version of T)¥ computed on
Dy ie. Ty =T(D;*). With this notation, the second-level bootstrap p-value is defined as

Py = P(T < T3),

where P** denotes the bootstrap probability measure conditional on D} and D, (making p) a

function of D} and D,,). This leads to a double bootstrap modified p-value, as given by
Dn i= I:In(ﬁn) = P*(ﬁZ < ﬁn)

In order to show that p, = H, (Pn) —a U 0,1]> Wwe add the following assumption.

ASSUMPTION 3 For &1 and & as defined in Assumptions 1 and 2, (i) T** — B* Cﬁ;p* &1, in
probability, and (ii) T — BIL d—>p &1 — &a.

Assumption 3 complements Assumptions 1 and 2 by imposing high-level conditions on the
second-level bootstrap statistics. Specifically, Assumption 3(i) assumes that 7°* has asymptotic
distribution G, only after we subtract B;; This term is the second-level bootstrap analogue of
B,,. It depends only on the first-level bootstrap data D] and is not random under P**. The
second part of Assumption 3 follows from Assumption 2 in the special case that B;—En = o0p+(1),
in probability, i.e. when & = 0 a.s., implying Fjy = G.,. When Fj, # G, B’; is not a consistent

estimator of B,. However, under Assumption 3,

* 5% * 5% > d* —
Ty — By = (T = By) — (B, = By) =p &1 =& = F; (Up)

n n

implying that T — E;‘L mimics the distribution of 7, — B,. This suffices for proving the

asymptotic validity of the double bootstrap modified p-value, p, = H,,(p,), as proved next.

THEOREM 3.2 Under Assumptions 1, 2, and 3, it holds that pp, = Hy(prn) —a Up,1)-

Theorem 3.2 shows that prepivoting the standard bootstrap p-value p, by applying the
mapping H,, transforms it into an asymptotic uniformly distributed random variable. This
result holds under Assumptions 1, 2, and 3, independently of whether G, = Fy4 or not. When
Gy = Fy then p,, —q Uy (as implied by Theorem 3.1). In this case, the prepivoting approach
is not necessary to obtain a first order asymptotic valid test although it might help further
reducing the size distortion of the test. This corresponds to the setting of Beran (1987, 1988),
where prepivoting was proposed as a way of reducing the level distortions of confidence intervals.
When G, # Fy then p, is not asymptotically uniform and a standard bootstrap test based on
Dn is asymptotically invalid, as shown in Theorem 3.1. In this case, prepivoting transforms an
asymptotically invalid bootstrap p-value into one that is asymptotically valid. This setting was

not considered by Beran (1987, 1988) and is new to our paper.
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3.3 BOOTSTRAP P-VALUE BASED ON T, — Bn

The double bootstrap modified p-value p,, depends only on the statistic 7}, and their bootstrap
analogues T and T**. It does not involve computing explicitly B, or E,*l, but in some applica-
tions it can be computationally costly as it requires two levels of resampling. As it turns out, we
can show that p, is asymptotically equivalent to a single-level bootstrap p-value that is based
on bootstrapping the statistic 7T}, — B, as we show next.

By definition, the double bootstrap modified p-value is given by p,, := P*(p}, < p), where

~

by = P (I < T;) = P*(T;" = By < Ty; — By) = Gy (Ty; — By) + 0p (1),

n

in probability, given Assumption 3. Similarly, under Assumptions 1 and 2,

~ N A~

Pn i= PX(T} < T,) = PX(T — B, < T, — B,) = G(Ty, — By) + 0,(1).

It follows that

Dn = P*(ﬁ; < ﬁn) = P*(G'y(T;Z - B:L) < G'y(Tn - Bn)) + Op(l)
= PX(T — B < T, — B,) + 0,(1)

because G is continuous. We summarize this result in the following corollary.
COROLLARY 3.3 Under Assumptions 1, 2, and 3, p, = P*(T)f — B;; <T,— Bn) + 0p(1).

Theorem 3.2 shows that p, —4 U, and hence is asymptotically valid. In view of this,
Corollary 3.3 shows that removing B,, from T, and computing a bootstrap p-value based on
the new statistic, T}, — B,,, also solves the invalidity problem of the standard bootstrap p-value,
pn = P*(T) <T,). Note that we do not require & = 0, i.e. Bn — B,, and B;; — Bn do not need
to converge to zero.

Corollary 3.3 is useful when B,, and B,*l are easy to compute, e.g. when they are available
analytically as functions of D,, and D}, respectively, as it avoids implementing a double boot-
strap. When deriving B,, and B; explicitly is cumbersome or impossible, the double bootstrap
modified p-value p, is a convenient alternative since it depends only on 7T, T, and T;*. It is

important to note that none of these approaches requires the consistency of B,, and B,*l

3.4 SPECIAL CASE: T,, IS ASYMPTOTICALLY (GAUSSIAN

~

In this section, we specialize Assumptions 1, 2, and 3 to the case where T,, = \/n(6,, — 0) is a
normalized parameter estimator whose limiting distribution is normal. For simplicity, we focus
on 6 being a scalar but the results generalize to the multivariate context. We consider the

following special case of Assumption 1.
ASSUMPTION 1’ It holds that T),, — B, —q N(0,v?), where v> > 0.

Assumption 1’ covers statistics T;, based on asymptotically biased estimators: when B,, —
B, we have T}, -4 N (B , 02), in which case B is the asymptotic bias of 6,,. More generally, we
can interpret B, as a bias term that approximates E(y/n(f, — 0)) although B, does not need
to have a limit. Note that Assumption 1’ obtains from Assumption 1 when we let &1 ~ N(0, v?)

and G (u) = ®(u/v), in which case v = v.
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Let D} denote a bootstrap sample from D,, and let é;‘; be a bootstrap version of 0. The
bootstrap analogue of T}, is T = /n(0* — 6,,).

ASSUMPTION 2/ It holds that (i) T — B, %, N(0,v2), and (ii)

T, — B
ST VANV, Vo= (), dg=1,2,
Bn_Bn

where vg = V11 4 vag — 2012 > 0 with v1g = v? > 0.

Assumption 2/(i) requires the bootstrap statistic T — B,, to mimic the asymptotic distri-
bution of T}, — By, as in Assumption 2(i). However, and contrary to Assumption 2(i), here this
limiting distribution is the zero mean Gaussian distribution (i.e. G, (u) = ®(u/v)), which means
that we can interpret B, as a bootstrap bias correction term, i.e. B, = E*(v/n(0* — 6,)). As-
sumption 2'(ii) assumes that B, — B, is also asymptotically distributed as a zero mean Gaus-

sian random variable (jointly with 7,, — B,,).® An implication of this assumption is that
T, — By = (T, — By) — (B, — By) % N(0,03), (3.1)

where vﬁ := v11 + V22 — 2v12. We do not require V to be positive definite; for instance, v9g = 0
whenever B, — B, = 0p(1), and in fact V' can be rank deficient even when v > 0, one example
being that studied in Section 2. However, we do impose the restriction that vfl > 0. This
ensures that the limiting distribution function of T,, — B,, given by Fy(u) = ®(u/vg), is well-
defined and continuous, as assumed in Assumption 2(ii). Note that we can let ¢ = V in this
case, or simply set ¢ = vy.

Let p,, denote the standard bootstrap p-value as defined in Section 3. We then obtain the

following result.
COROLLARY 3.4 Under Assumptions 1' and 2, p, —q <I>(m<I>*1(U[071})), where m? := v3/v?.

Corollary 3.4 follows immediately from Theorem 3.1 when we let G,(u) = ®(u/v) and
Fy(u) = ®(u/vg). It shows that the asymptotic distribution of p,, is uniform only when m =1,
or equivalently when vg = v2. In this case, the difference B, — B, is op(1). When ,Ug £ 2,
B, — B,, is random even in the limit, implying that the limiting bootstrap distribution function
of T;; is conditionally random. Although random limit bootstrap measures do not necessarily
invalidate bootstrap inference, as discussed by Cavaliere and Georgiev (2020), this is not the
case here. However, we can solve the problem of bootstrap invalidity by applying the prepivoting
approach or by modifying the test statistic from 7T, to T,, — B,,.

To describe the prepivoting approach, note that the limiting distribution of p,, is given by

H(u) := P(pp < u) = &(m 107 (u)).

Hence, a plug-in approach amounts to estimating m? := Ug /v?, where v? and UZ are defined in

Assumption 2'. Suppose that 92 and @g,n are consistent estimators of v? and vg (i.e., assume that

3In terms of Assumption 2, Assumption 2’ corresponds to the case where the vector ¢ = (&1,&2)" is a multi-
variate normal distribution with covariance matrix V.
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(02,92 ) —p (v*,03)) and let 12 := 92 /92. Then, by Corollary 3.2, it immediately follows that
~ N~ —1x—1/4 d
Pn = (I)(mnlq) l(pn)) - U[O,l}

under Assumptions 1’ and 2’. For brevity, we do not formalize this result here.
To describe the double bootstrap modified p-value, p,, = H, (pn), when applied to the special

case where T}, satisfies Assumption 1’, we now introduce Assumption 3’.

V(02 — 0%) and suppose that (i) T** — B* Cz;p* N(0,v?), in
probability, and (ii) T} — B} d—>p N(0,v2), where v2 is as defined in Assumption 2 (ii).

ASSUMPTION 3" Let T;*

>l

Under Assumption 3 (i), the double bootstrap distribution of T** — B mimics the distribu-
tion of T* — B,, where the double bootstrap bias term B* = E**(/n(0* — 6*)) is asymptoti-
cally centered at B, under Assumption 3/ (ii). When v # v?, the double bootstrap bias is not
a consistent estimator of B,,, but this is not needed for the asymptotic validity of the modified
double bootstrap p-value p,, = fIn(ﬁn) defined in Section 3.

By application of Theorem 3.2, pp, = Hy(pn) —>4 Ulo,1) under Assumptions 1', 2/, and 3'. We
can also provide a result analogous to Corollary 3.3 under these assumptions. In this case, if
closed-form expressions for B, and E; are not available, we can approximate these bootstrap
expectations by Monte Carlo simulations and then compute P*(7}; — E; <7T,— Bn) as a valid
bootstrap p-value. Note, however, that this approach is computationally as intensive as the

prepivoting approach based on p, since it too requires two layers of resampling.

REMARK 3.6 Contrary to Beran (1987, 1988), in our context the first level of prepivoting, e.g.
by the double bootstrap, is used to obtain an asymptotically valid bootstrap p-value. Therefore,
inference based on Py, does not necessarily provide an asymptotic refinement over inference based
on an asymptotic approach that does not require the bootstrap. Nevertheless, the Monte Carlo
results in Table 1 seem to suggest an asymptotic refinement for the double bootstrap, at least for
the non-parametric bootstrap scheme.

In the special case where the bias term B, is of sufficiently small order, the arguments in
Beran (1987, 1988) apply, and an asymptotic refinement can be obtained. We also conjecture
that, in the general case, an asymptotic refinement could be obtained by further iterating the

bootstrap.

3.5 A MORE GENERAL SET OF HIGH-LEVEL CONDITIONS

We conclude this section by providing an alternative set of high-level conditions that cover
bootstrap methods for which T} — Bn has a different limiting distribution than 7;, — B,,. This
may happen, for example, when the first-level bootstrap does not match the variance of the

original statistic.

ASSUMPTION 4 Assumption 2 holds with part (i) replaced by (i) T); — B, ﬁp C1, where Jy(u) =

P(¢1 < u) is a continuous cdf.

Under Assumption 4, T — B,, does not replicate the distribution of T, — B,. This is

to be understood in the sense that there does not exist a non-random (with respect to P*,
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i.e., conditional on the original data) term, B, such that T — B, has the same asymptotic
distribution as T}, — B,,.

REMARK 3.7 An important case that is covered by Assumption 4 is when there is a random
(with respect to P*, i.e. depending on the bootstrap data) term, say B}, such that T, — B} ﬂp &
and hence has the same asymptotic distribution as T,, — B,,. Clearly, this violates Assumption 2
unless B;—ﬁn p—*>p 0. Howewver, letting B}, and (1 be such that B}, £>p (1—&1, then Assumption /

covers this case.

As illustrated by Remark 3.7, Assumption 4 generalizes Assumption 2 to allow for bootstrap
methods where the ’centering term’ B depends on the bootstrap data. An important example
that falls into this case is the pairs bootstrap, which we study in more detail in Section 4.3.

The asymptotic distribution of the bootstrap p-value under Assumption 4 is given in the
following theorem. The proof is identical to that of Theorem 3.1, with G replaced by J,, and

hence omitted.
THEOREM 3.3 If Assumptions 1 and / hold then p, —4 JW(F(;I(U[O,”)).

Clearly, a plug-in approach based on G, as described in Section 3.2.1 would be invalid
because G # J, in general. However, it follows straigthforwardly by the same arguments as
applied in Section 3.2.1 that a plug-in approach based on J, will deliver an asymptotically valid
plug-in modified p-value.

To implement an asymptotically valid double bootstrap modified p-value we consider the

following high-level condition.

ASSUMPTION 5 Assumption 3 holds with part (i) replaced by (i) T.* — B Cz;p* (1, in probability,

where (1 is defined in Assumption /.

Under Assumption 5, the second-level bootstrap statistic, T,;* — EZ, replicates the distribu-

tion of the first-level statistic, 17 — B,,. Thus, the second-level bootstrap p-value is
By = Py < T)) = (I — By < T — BY)
* % * d* —
= Jy(Ty = By) + 05 (1) = Jy (&1 — &2) = Jo(F, (Upo17))

under Assumption 5. Hence, the second-level bootstrap p-value has the same asymptotic distri-
bution as the original bootstrap p-value. It follows that the double bootstrap modified p-value,
pn = H, (Pn) = P*(p}, < pn), is asymptotically valid, which is stated next. The proof is essen-
tially identical to that of Theorem 3.2 and hence omitted.

THEOREM 3.4 Under Assumptions 1, /, and 5, it holds that pp, = Hy(prn) —a Up,1)-

REMARK 3.8 Consider again the case with a random bootstrap centering term in Remark 5.7,
where By, gp C1 — & such that T — By, ﬂp &1, Within this setup, we can consider double
bootstrap methods such that, for a random (with respect to P**) term B}* we have T,* — B}* ﬁp*
&1, in probability. Thus, the asymptotic distribution of the second-level bootstrap statistic mimics
that of the first-level statistic. When B} and (1 are such that B ﬁkp* (1 — &1, in probability,

then Assumption 5 is satisfied. As in Remark 3.7 this setup allows us to cover the pairs bootstrap.
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REMARK 3.9 In the case of asymptotically Gaussian statistics discussed in Section 3./, Assump-
tions 4 and 5 simplify straightforwardly. In Assumption 2 (i) we would assume that T} —-B, d—*>p
N(0,v2) and in Assumption 3 (i) that T* — B ﬁp* N(0,v2), in probability, for some v > 0,
while the rest of Assumptions 1'-3 are unchanged. The results of Section 3./ continue to ap-
ply under these more general conditions, replacing G~(u) = ®(u/v) with Jy(u) = ®(u/vs) and

consequently defining m := Ug/vf.

4  APPLICATIONS

4.1 INFERENCE UNDER HEAVY TAILS

SETUP. We consider a simple location model with heavy-tailed data; thus demonstrating how
our analysis applies to a non-Gaussian asymptotic framework.
Consider a sample of n ii.d. random variables {y;}. Interest is in inference on € in the
location model
yy=0+¢e, E(g) =0,

when the &;’s follow a symmetric, stable random variable S () with tail index o € (1,2) and the

1/a=1e 4 Under these assumptions, E(|e;|*t?) =

1/a—1

location parameter is local to zero, i.e. § = n
+oo for any § > 0; in particular, €; has infinite variance. Notice that 6 is local of order n

~1/2 hecause of the slower convergence rate of the OLS-type estimator

rather than the usual n
when the variance of €; is infinite. We consider a special case of the estimator analyzed in
Section 2, viz.

On = whiong + (1 — w)0shont,

where 9long = Y, éshort := 0, and w denotes a fixed combination weight. It holds that
T, :=n' Y0, —0) = (w—1)c+wn' %, ~ B+wS(a), (4.1)

where B := (w—1)¢; equivalently, T,, — B ~ & := wS(«). Hence, Assumption 1 is satisfied with
G(u) = P(wS(a) < u) = Vu(w tu), where ¥, (u) := P(S(a) < u) is continuous. Inference

based on quantiles of &1 is invalid because it misses the term B.

BoOTSTRAP. It is well known that the standard bootstrap fails to be valid under infinite vari-
ance (Knight, 1989). The ‘m out of n’ bootstrap (see Politis et al., 1999, and the references
therein) is an attractive option, but fails to mimic the non-centrality parameter B, see Re-
mark 4.1 below. Instead, we consider the parametric bootstrap of Cornea-Madeira and David-
son (2015), which only requires a consistent estimator &, of the tail index «, assumed to lie in

a compact set. The bootstrap sample is generated as
Yr = Oong + €7, €f ~ 1.i.d.S(dn),

and the bootstrap estimator is 6% := wél*ong = w(élong + &;) with & = n=t>}  ef. The

4The results in this section can easily be generalized to the case where the €;’s are not necessarily symmetric
and/or are in the domain of attraction of a stable law with index « € (0, 1), as in Cornea-Madeira and Davidson
(2015).
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bootstrap analogue of T), then satisfies
T =n'" 1/0‘(«9 — thg) = wnl~ Vo n T B,, with B, := (w— 1)n171/aélon9.

Now, nl=-1/eg ﬁp S(a) by Proposition 1 in Cornea-Madeira and Davidson (2015) and, there-
fore,
T - B, d—>p & = wS(a).

This shows that Assumption 2(i) is satisfied in this example. Notice that the bias term in the
bootstrap world satisfies, jointly with (4.1),

B,—B=(w—1)n'""Y%, ~ (w—1)S(a) =: &.

Specifically, because both T}, and B,, depend on the data through &, only, we have that (£, &) ~
(w,w—1)S(c), implying that {; — &> ~ S(a). Hence, Assumption 2(ii) is satisfied with Fy (u) =
P(S(a) < u) = U,(u). Since the cdf of & ~ wS(a) can be written as G (u) = Vo (w1 u), it
follows by Theorem 3.1 that p, —4 GV(Fgl(U[[o,l])) = Uo(w ' (Upp))) and, therefore,

Hy(u) := P(pn < u) = H(u) := P(Va (w0 Upo) < 1) = Va(w¥y ' (u)),

which differs from « unless w = 1.

Because w is known and we can estimate « consistently with é&;,,, we can estimate H (u)
consistently with H,(u) := ¥4, (wlllgi (u)) and obtain a valid plug-in modified p-value,

Pn = ﬁn(ﬁn) = Vq, (W\Ijgi (Pn)),

by application of Corollary 3.2.

Alternatively, we can estimate H,, (u) using the double bootstrap estimator H,, (u) := P*(p** <
u), where pi* := P**(T* < T). Specifically, let the double bootstrap sample {y;*} be gener-
ated as

sk N* sk sk .. ~
Y = Oy +ei s e ~ 1id.S(dn),

and set 0** = wl = wh

Jong +wer*, where &5 :=n~1 Y} | &;*. The (second-level) bootstrap

long

analogue of 7" then satisfies
T;:* — nl—l/a(é** elong) 1 1/a—>(<>k + B* with B* L ( - 1)n1_1/aél*ong'

Since ef* is generated from S(d&;), where &, depends only on D, the distribution of &*
conditionally on D} and D,, is the same as the distribution of €}, conditionally on D,,. This

implies that
nl= l/a koK

_>p* S (a)7
in probability, by Proposition 1 of Cornea-Madeira and Davidson (2015). Therefore,
*k T UN
T," — By, —p &1 = wS(a),
in probability, showing that Assumption 3(i) is satisfied. Since

n

B, — Bn = (OJ - 1)n1_1/a(él*ong 0l0n9) (w - 1) - l/ag_rz
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and T — B, = wn'~1/&%, Assumption 3(ii) is also satisfied in this example. Thus, p, =

Hy(pn) —a Ujp,1) by Theorem 3.2.
REMARK 4.1 Consider the ‘m out of n’ bootstrap data generating process,
yzk:élong,n‘i‘g,t, t=1,...,m,

where 5 is an i.i.d. sample from the residuals € = y — élongm, t=1,...,n. Note that we now
index élong,n with n to emphasize the fact that élong,n is based on n observations whereas the

bootstrap sample size is m. Then

~

T, = ml_l/“(éfn — Olong,n) = wml_l/aé;kn + (w— l)ml_l/o‘élong,n,

where m'~1/eg d—*>p S(a) as m — oo; see Arcones and Giné (1989). Moreover, if m = o(n),

By = (w = 1)m' ™ iong = (0 = Dm0 (0 G,000.0) = Op((m/n)V/o71) = 0,(1),

which shows that T ﬂp wS(«). Hence, Assumption 2(i) is satisfied with & := wS(a) and

B, = 0. Since B := (w — 1)c # 0, Assumption 2(ii) holds with {3 := —B a.s. By Remark 3.1,
it then follows that

~ * % d _ _
Pm = P(T, <T,) = G’V(G’yl(U[O,l]) — B)) = ¥, (V¥ 1(U[0,1}) - B).

«

This shows that the limiting distribution of p,, depends on B. Since B cannot be consistently

estimated, the ‘m out of n’ bootstrap cannot be used to solve the problem.

4.2 LINEAR REGRESSION WITH OMITTED CONTROL VARIABLES

SETUP. In this section we consider inference about a target coefficient in a linear regression with
a potentially large number of control variables, some of which may have limited explanatory
power. Inference is based on a (misspecified) ‘short’ regression which omits controls whose
coefficients are ‘small’ as a function of the sample size. Excluding such controls (e.g., using
a pretest procedure) leads to estimators with omitted variable bias and invalidates standard
applications of the bootstrap (e.g. Leeb and Pd&tsher, 2005). We apply the approach described
in Section 3 to solve this invalidity problem.

More specifically, data are assumed to be generated by the linear model
y=zB+0Qn+ Z6 +e¢, (4.2)

where &/|W ~ 1.i.d.(0,02) with W := (2,Q, Z). The n x 1 vector z contains observations on
a target regressor, and (), Z are matrices of control variables. The matrix ) contains the set
of controls that are included in the model (baseline controls), whereas Z contains potential
additional controls of limited explanatory power, i.e., their associated coefficients are local to
zero and of the form

§=cn /2,

This setup is similar to Li and Miiller (2021), who develop an inference procedure which exploits

a bound on the quadratic mean of the effect of the control variables on y. As Li and Miiller
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(2021), we assume for simplicity that 2’z = n and Z'Z = nl,, where p = dim(Z); moreover,
both z and Z have been projected off the baseline controls @, i.e. @'z = 0 and Z'Q = 0.

The goal is to test the null hypothesis Hg : 8 = 0. To do so, the econometrician estimates 3
and 7 by running the ‘short’ regression of y on (z,Q), i.e. Z is omitted from the regression. We
let by, := (Bn, 7,,0") denote the restricted OLS estimator of b := (5,7/,0’) and & := y—Wh, the
corresponding residuals. We reserve the notation b, := (Bn, s 5;1)’ for the OLS estimator from
the ‘long’ regression (4.2). The latter estimator is used below to generate bootstrap samples.

The t-ratio for testing Hy is given by

—1
T .— Bn Sxm.Q‘S’wa . n1/2Sa:y
n = ~— = = = ’
s(Bn) G n—ls;xl'Q On

where we define

I with &

$2(By,) = 5,,2171_15;;'@ =52n"
and note that Syz.9 = 1 and Sgy. = Sgy because 2’z =n and Q'z = 0.

We impose the following conditions.

AssUMPTION OC (i) &/|W ~ 4.i.d.(0,02), where W = (2,Q,Z); (i) Sww —p ¥, where ¥ =
(Xab)abefz,Q,z} 18 positive definite; (iii) nY2Sw. =4 N(0,02%%).

Assumption OC(i) formalizes the i.i.d. assumption on e, conditional on W. Assump-
tions OC(ii) and OC(iii) are high-level conditions for which more primitive conditions are well

known. The asymptotic distribution of 7;, is presented in the following lemma.

LEMMA 4.1 Under Assumption OC and Hy : B = 0, it holds that T,, — B —4 N(0,1), where
B:=Y,0 .

Lemma 4.1 implies that Assumption 1’ holds for this example with v> = 1 and B, =

Lle =: B. Hence, unless ¥,z = 0 or ¢ = 0, inference based on standard Gaussian critical

Yipz0~
values is invalid even if the explanatory power of the omitted controls is limited since we cannot

consistently estimate B because it depends on the local parameter c.
BooTrsTtrAP. We generate the bootstrap sample as
v = 2Bp + Qhp + Zby + * = Why, + &%,

where £*|D,, ~ N(0,621,) with D, := {y, W}, 62 =n~1¢'¢, and & = y — Wb,,."
Let b% := (B%,7,0') denote the bootstrap OLS estimators from the ‘short’ regression of y*
on (z,Q) and let &* := y* — 23" — Q7 := y* — Wb* denote the corresponding residuals. The

bootstrap analogue of T, is
3¢ _ p 3 1/2(3% _ A \/~
T = (B; = Ba)/s(By) = n'* (B — Ba) /57,
®The same results hold if we let e*|Dn ~ N (0, &flfn). We can also establish similar results for the nonpara-

metric bootstrap where £* is generated from the empirical distribution function of € or € under a slighly stronger
set of assumptions.
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where

SQ(B,’;) = 62211_15’;;Q = n_lﬁjf

and 62 1= n-1lever,

LEMMA 4.2 Under Assumption OC it holds that (i)
T — B, d—*>p N(0,1), where B, = Sz 'n'/26,,

and (ii) imposing also Hy : f =0,

T,— B 1 0
" LN N(0,V), whereV := . .
B,—B 0 EchEZZ.xEZ:z:

Lemma 4.2 shows that Assumption 2/(i) holds with v? = 1 and B, = Syz0n1/25, and
that Assumption 2/(ii) holds with vfl =1+ E,UZEEIZ_szw >0and YXgz., =1 —32.5.7.

REMARK 4.2 We can show that
Bn - B = E:EZO—_lnl/Q(gn - 6) +0p (1) )

where
’rll/Q(Sn - 6) = Sgé.xnl/QSZs.x i N(O> 02221Zm)

~

Hence, the bootstrap ‘bias term’ By, is not consistent for B. Instead,
B, —B-% N0,%0z5,L Sra) = &
(jointly with T,, — B 4 N(0,1) =: & ). Since
T — B,|Bn S, N(0,1),

this implies that
x dX
Ty =a N(B+&2,1)[&2 ~ B+ &1 + &2[&;

where ﬂd denotes weak convergence in distribution; see Remark 3.3 and Cavaliere and Georgiev
(2020). Hence, the bootstrap distribution of T, is random in the limit and does not match the
limiting distribution of T,,, which is N(B,1) under our assumptions; see Lemma j.1. However,

because &5 has mean zero, this bootstrap replicates B on average.
By Corollary 3.4,
P = P*(TE < Tp) % d(md " (U 1)) with m? := 1+ 5,55 Sz,
which implies that, for any u € (0,1),

H,(u) := P(pp <u) = H(u) := & (u)/m).

Notice that when Z is univariate, m reduces to

1
m = y
1_P§Z
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where p,z = Y,z corresponds to the population correlation coefficient between x and Z. Hence,
m € [1,00) and equals one if and only if x and Z are orthogonal.

To sum up, this bootstrap is invalid in general. However, and crucially, inspection of the
asymptotic distribution H of the bootstrap p-value shows that, although it differs from the cdf
of a uniform random variable, it does not depend on the nuisance parameter B. This is essential

in order to restore bootstrap validity using the machinery in Section 3.

REMARK 4.3 Consider an alternative (fized-design) bootstrap which resamples from the ‘short’
regression, i.e. y* = 3, + Qijn+¢*, where e*|D,, ~ N (0, G21,). The bootstrap analogue of Ty, is
TF = (6% — Bn)/s(B) = 57*1_1711/25%* = 551111/2515* + 0p(1), in probability,

2

because 532 — G2 pﬁp 0. Since, conditionally on Dy, 651711/25’335* ~ N(0,1) for any n, it follows

that
T 5, N0, 1).

This shows that Assumption 2 (i) is satisfied with B, = 0. Hence, this bootstrap does not

replicate B, not even on average. In terms of the bootstrap p-value we find
B =PI < T) = O(Ty) + 0p(1) % (B + &7 (Up,1)),
which implies that, for any u € (0,1),
Pl < u) = P(®(B + 0 (Ujgy)) < u) = P(Ugy < ®(® (u) = B)) = B(¢~"(u) — B) # .

Contrary to py, based on resampling from the ‘long’ regression, the limiting distribution of the
bootstrap p-value based on resampling from the ‘short’ regression depends on B. Since B cannot
be consistently estimated from the data, we cannot restore bootstrap validity using the prepivoting

approach.

RESTORING BOOTSTRAP VALIDITY. One approach is to estimate H(u) := ®(®~!(u)/m) con-
sistently using H, (u) := ®(®~*(u) /), where

1y = (1+ SpzS,% . Sz:) 2.
By Assumption OC, m,, —, m, implying that a valid plug-in modified p-value is
Pn = ﬁn(ﬁn) = (I)((I)_l(ﬁn)/mn)

by application of Corollary 3.2.
Alternatively, we can estimate H,(u) using the double bootstrap estimator ﬁn(u) = P*(p), <
u), where p} := P**(T* < T) as described in Section 3.2.2. Specifically, let the second-level

bootstrap sample be
Y= xB;kl +Qn + ZSZ +e* = WIA);‘L + &%,

where 0% := (B%,7%,6) is obtained from the ‘long’ regression of y* on W, and we let

e*|{D%, Dy} ~ N(0,6:21,), where {D}, D} := {y, W,y*}. We let b** := (3*,7*,0') denote

25



the restricted OLS estimator from regressing y** on (z, @), and we define &** := y — Wl;fl*

The second-level bootstrap analogue of T}, is defined as
T = (B3 = B3)/s(By) = n' (B = B) /a7,

since
20 2kkY . k%2 —1o—1 _  —1~*%2
sT(By) =0,"n" S, o=n 0,",

where /%2 := n~1&*&**. We show in Lemma 4.3 below that Assumption 3’ is verified with

B;; = szaflnlﬂé;i, B’n = szaflnl/an, and V as given in Lemma 4.2. The validity of the

double bootstrap modified p-value, p, = H, (pn), then follows from Lemmas 4.1, 4.2 and 4.3.

LEMMA 4.3 Under Assumption OC' it holds that (i) T, —B,’; ‘ﬁp* N(0,1), in probability, where
B := S,z07Wn'/25%, and (ii)

n’

T — B "
) S N, Y),
B: — B,

where B, and V are as defined in Lemma }.2.

4.3 INFERENCE AFTER MODEL AVERAGING

SETUP. We consider the case of inference on a target parameter based on averaging across
different econometric models. The results in this section generalize those of Section 2. In
particular, we consider model averaging based on M models and relax the Gaussianity and
known variance assumptions.

Assume that data are generated according to the linear DGP
y=zB+Z+e, (4.3)

where f3 is the (scalar) target parameter and &|W ~ i.i.d.(0,0%) with W := (z, Z). The goal
is to test the null hypothesis Hy : 8 = 0.

The econometrician fits a set of M models, each of them based on different exclusion re-
strictions on the g-dimensional vector d. This setup allows model averaging both explicitly and
implicity. The former follows, e.g., Hansen (2007). The latter includes the common practice of
robustness check in applied economics, where the significance of a target coefficient is evaluated
through an (often informal) assessment of its significance across a set of regressions based on
different sets of controls; see Oster (2019) and the references therein. Specifically, let R, de-
note a q X ¢, selection matrix which selects the potential controls. The m-th model includes x

and Z,, := ZR,, as regressors, and the corresponding OLS estimator of 3 is
Bm,n = S;;stwy.Zmy

where Sy is as defined previously. Note that if R,, = I;, then Z,, = Z and Bm,n =
S;;’ZSW_Z =: Bn is the OLS estimator based on the full set of controls Z. If R,, = 0 then
Zm = 0, in which case an = (z'z)" 12’y is the OLS estimator based on the smallest possible

model that only includes x as a regressor.
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Given a set of fixed weights w = (wi,...,w,) € H = {x € [0,1J : M 2, =1}, the

m=1

model averaging estimator of 3 based on the M approximating models is the (linear) estimator

M
Bn = Z wmﬁm,n'
m=1

REMARK 4.4 We assume that the weights w are fized and independent of n. A popular example
in forecasting is to use equal weighting. We could allow for stochastic weights as long as these
are constant in the limit. This would be the case, for example, when the weights are based on

moments that can be consistently estimated.

In general, 3, may suffer from finite sample and asymptotic bias, since it is based on aver-
aging over a set of possibly misspecified models. This implies that the asymptotic distribution
of Ty, := nl/g(Bn — ) may not be centered at zero, as we show next.

We impose the following conditions.

ZZ'Z' ZI
ASSUMPTION MA (i) et|W ~ i.i.d.(0,0%), where W = (x, Z); (ii) Sww —p Sww = d
Yze Xzz

with rank(Syww) = q + 1; (i) n*/2Swe —q N(0,Q) with Q := oSy .

To describe the asymptotic distribution of 7;,, we introduce the following notation. We let
Eme =Ygz R, EZmZm = R;nEZZRma Ex:c,Zm = Mgy — E:{:ZRm(R;nEZZRm)_lR;nEny and
Y022 = Yoz~ Yoz B (RS z2Rm) " Ry, Szz. Wealsolet Ay i= S0 win S, n™la/My,,,

where Mz, := I, — Zm(Z}yZm) " Z},. Finally, dy;, = S0 wmSy), (1,-8:2,5,' , Rl
and dy, := 27]\7/{:1 me;;Zm(l, _EmeEEiZmR;n)' With this notation,
Brn = Apy = Anzf+ ApnZ6 + Ape = B+ AnZ6 + Ape,

and the following lemma holds.

LEMMA 4.4 Under Assumption MA and Hg : 8 =0, it holds that T, := n1/2(,5’n — B) satisfies

Ty — By = 0" Ane = dyp, (02 Sw2) 5 N(0,07), (4.4)
where
M
v’ = d\Qdy and By, == 2,78 = Z me;;ZmeZ,Zmnl/Qé. (4.5)
m=1

Lemma 4.4 shows that Assumption 1’ holds for this example with v? and B,, as indicated

2 is a quadratic form of €, whose weights J’M depend on

2

in (4.5). The asymptotic variance v
population moments of the regressors and on wj; see (B.4). The variance v* can be consistently
estimated by replacing € and dj; by consistent estimators. Alternatively, we can use the
bootstrap, as recently shown by Hounyo and Lahiri (2021).

However, inference based on critical values obtained from a normal distribution with mean

zero is invalid asymptotically due to the presence of B,,.

REMARK 4.5 As (4.5) shows, B,, may not vanish in the limit, even if 6 is small. To see this,

note that the order of magnitude of B, is the same as that of nY/25 because S;;ZmSajz.Zm —p
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Z;;Zmzxz,zm under our assumptions. Consequently, if § is local to zero in the sense that
8 = cen~ Y2 for some vector ¢ € RY (as in, e.g., Hjort and Claeskens, 2003, and Liu, 2015), then
it follows that

M
- E ' -1
Bn —p B .= mem.ZmExZ_ch,

m=1
which is not zero in general (unless, e.g., ¢ = 0 or X,z = 0). Hence, under the local-to-zero

assumption on 6,

T, == n'2(B, — B) % N(B,v?),

showing that B, is consistent for B, but it is asymptotically biased. Because the asymptotic bias
B depends on c, which is not consistently estimable, we cannot obtain valid critical values from
a Gaussian distribution centered at some sample analogues of B and v?. In particular, replac-
ing B with B, = Z%:l me;zl.ZmeZ,Zmnlﬂgn is not asymptotically valid as the asymptotic

distribution of T, — By, is not N(0,v?).

As we will show next, the presence of B, complicates standard bootstrap inference. How-
ever, we will show that the modified p-value bootstrap approach described in Section 3 can be
successfully applied in this context. In particular, our modified bootstrap approach is asymp-
totically valid whether 4 is fixed or local-to-zero. In the former case, B,, is Op(n'/?) rather than
Op(1), implying that B,, diverges in probability and B, is not even consistent for 3. Despite

this inconsistency, we can obtain a modified bootstrap p-value that is asymptotically valid.

BooTsTrAP. We consider a fixed regressor bootstrap (FRB) algorithm based on the full model.

More specifically, we generate the bootstrap sample as
Y= !TBn + Zgn + €%,

where £*|D,, ~ N(0,621,), 62 = n=1&'¢ is the OLS residual variance from the full model, and
D,, = {y,W}. Similar results can be established for the nonparametric bootstrap where £* is
obtained from the empirical distribution function of €.

The model averaging estimator in the bootstrap world is given by
M
B, = Z Wmﬁ;‘n,m
m=1

where B:]n = S;xl,zmsa:y*.Zm is the bootstrap OLS estimator from the m'® model. We can
write B;‘L = A,y*, which implies that

B = AnxBn + AnZby + Ane*.

n

It holds then that
T = n1/2(ﬁ~*

n

- Bn) = Bn + nl/QAnE*a
where

M
Bn = n1/2AnZ5n = Z Wme_xl.ZmeZ.Zmnl/ZSn-

m=1
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We can show that
T: — By = n'? A" = dyy (02 Swes) S, N(0,0%)

D, ~ N(O, Qn) with Qn = &%SWW —p UQEWW =: ) and C?M,n —p JM Hence,

since n/2Sy o«
Var* (T — B,) = J’Mmflnci M. —p v and Assumption 2'(i) is verified in this example. However,

B,, is not close to B,, as n increases. In fact, we can show that

Bn— By = AnZn'%(5, — 8) 5 & 1= N(0, va2), (4.6)

given the asymptotic normality of n'/ Q(Sn — 0) and the fact that A,Z converges in probabil-
ity to Z%[zl me;xl. Zmer- Zm- This result implies that 7T does not mimic the asymptotic
distribution of the original statistic 7). Because the bias term in the bootstrap world is ran-
dom in the limit, the conditional distribution of 7}, is also random in the limit. This im-
plies the asymptotic invalidity of p, = P*(T} < T,), as we show next. To this end, define
l_)’Mm = Z%zl me;;_ZmSwZ.ZmSgém(—SZZS_l I,) and let by, denote its probability limit.

Tx

LEMMA 4.5 Under Assumption MA it holds that (i) T* — B, d—*>p N(0,v?), and (ii) imposing

also Hy : 6 =0,
T, — By, d,
5 = Mn ) pl28, % N0, V),
B, — B, s

V= C_Z/MQCzM C_Z/MQZ)M _. U111 V12
b/]V[QdM bMQbM V21 V22

is positive definite and v? = v11.

where

Lemma 4.5 implies that Assumptions 1’ and 2/ are satisfied in this example with v? = vy
and vg = v11 + va2 — 2v12 > 0. Hence, by Theorem 3.1, the bootstrap p-value satisfies H,,(u) :=
P(pn < u) = H(u) = ®(m 107 (u)), where m? := v3/v? This proves the invalidity of the

standard bootstrap p-value, p,.

RESTORING BOOTSTRAP VALIDITY. One approach is to estimate H(u) consistently using
H,(u) := (@ (u) /1), where 1y, := (83 ,,/0n)/? and 03, := d11,n+D22,0—2012,n With Dy, de-
noting the sample analogues of v;; defined in Lemma 4.5; for instance, 011,, = 02 = J’M nQnJ’M n-

By Assumption MA, 7, —, m, implying that a valid plug-in modified p-value is
Pn = ﬁn(ﬁn) = q)(q)_l(ﬁn)/mn)

by application of Corollary 3.2.
Alternatively, we can estimate H,, (u) using the double bootstrap estimator H,,(u) := P*(p**
u), where pi* := P** (T < T) as described in Section 3. Specifically, let the double bootstrap

sample be

IN

Y = afE 4 Z6% 4 &,
where (3%,0%)is the OLS estimator of (3,4) obtained from the full model and e**|{D,,, DX} ~
N(0,6%21,), with D* = {y*, W}, 672 = n~1e¥&* and &* = y* — 23 — Z6*.
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The double bootstrap analogue of T, is defined as
T;:* — n1/2(6~;* o B*)7

where 3% := 30| w8, with B¢, = S,.!, Sy z,, defined as the double bootstrap OLS

estimator from the m** model.

LEMMA 4.6 Under Assumption MA, T)* — B’; @;p* N (0,1}2), in probability, where B’;‘L =

nl/zAnZS;; and
T — B, d .
( b ) ) ( b ) 28y Sy N(O,V)
Bn - Bn Mmn

with Bn = nl/QAnZSn and V' as defined in Lemma 4.5.

Lemma 4.6 shows that Assumption 3’ is verified in this example. The asymptotic validity

of the double bootstrap modified p-value, p, = Hy(pn), now follows from Lemmas 4.4-4.6 and
Theorem 3.2.

EXTENSION TO THE PAIRS BOOTSTRAP. We now extend the previous results to the pairs
bootstrap, which is widely used in applications. Interestingly, the main difference with respect
to the FRB implemented above is that the centered pairs bootstrap statistic 7, — B, no longer
replicates the distribution of T,; — By, except if § is local to zero (see Remark 4.5). Thus, the
pairs bootstrap is invalid, but we can prove validity of an appropriate modification of the pairs
bootstrap using the results in Section 3.5.

To simplify the discussion we consider the case with scalar z; in (4.3) and where we “average”
over only one model (M = 1), which is the simplest model in which z; is omitted from the

regression. That is, we estimate S by regression of y on x,
Bn = Sx_xl Szy~

This estimator corresponds to the model averaging estimator with M = 1, where all weight is

put on the smallest model. The statistic of interest is
T, = nl/Q(Bn - 6)
In this special case, Lemma 4.4 simplifies as follows.

LEMMA 4.7 Suppose Assumption MA holds. Then
T, — By —a N(0,0%),

where

v = UQE;xl and B,, = sznl/zd.

—1
T

Consider now a pairs bootstrap sample {y*,z*, 2*}, based on resampling with replacement
from the tuples (y, 24, 2;), t = 1,...,n. As is standard, it is useful to recall that the bootstrap

data have the representation
Y =P+ 200 + €
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where ¢* = (e7,...,¢}) and ¢} is an i.i.d. draw from &; = y; — 3, — 2:0,. The pairs bootstrap

model averaging estimator is
B = St Sy = B A Sk Spesen + Sph Sprer,
and the pairs bootstrap statistic is
T = n2(B5 — Bn) = Bl + n'/28 1 Sy

with
B} = Sk Spenent/?5,.

Therefore, and in contrast with the FRB, when the pairs bootstrap is implemented the term
B is stochastic under the bootstrap probability measure and replaces the bias term B,,. This
difference is not innocuous because it implies that 7, — B, no longer replicates the asymptotic
distribution of T}, — B,,, as shown in the next lemma.

We strengthen the previous conditions by adding the following.

ASSUMPTION MAy (i) sup, E |w||* < oo and Ele}| < oo; (ii) n~! Sh o ate? —, 028,

n~ES L 2Rwaw) =, B >0, and nm YT atwer —, 0.

LEMMA 4.8 Suppose Assumptions MA and MAs hold. Then

T: — B, 5, N(0,02 + £2),

n

where

By = S:18,n11%,

-1
T

and k% := d,(6)'2,d,.(8) with d.(8) := 06(X,}, —3,2%..).

xx

Notice that, in constrast to the FRB, the asymptotic variance of T* fails to replicate that
of T}, because of the term 2 > 0. This implies that the methodology developed in Theorem 3.1
and its corollaries no longer applies. Instead we can apply the theory of Section 3.5, which

demonstrates that the double bootstrap p-values are asymptotically uniformly distributed.
4.4 INFERENCE BASED ON RIDGE ESTIMATORS

SETUP. Consider the linear regression model y; = 0'z; + &4, t = 1,...,n, where 2; isa p x 1
non-stochastic vector and ; ~ 1.i.d.(0,02). Interest is in inference on a linear combination of
6, such as the simple null hypothesis Hy : ¢’ = r, based on ridge estimation of #. Specifically,
a classic lasso-type/penalized least squares estimator of 6 (or ‘bridge’, see Frank and Friedman,
1993) has the form o = arg mingere {Y pq (Yt — 0'xt)* + ¢y, 10115}, where |||, denotes the £,-
norm of the vector x. The tuning parameter ¢, controls the degree of shrinkage toward zero for
the estimator. For n = 2 we obtain the so-called ridge estimator, which we denote by 6,, and
we discuss in the following; see Giglio and Xiu (2021) for a recent application to estimation of

asset pricing (factor) models. The ridge estimator has closed form expression

On = Sy Sey,s (4.7)



where Sm = Sy + n_lcnlp. Clearly, ¢, = 0 corresponds to the OLS estimator, én Notice also
that 9~n can be written as 9~n = Qnén, where (Q,, := S;;Sm is a weighting matrix which shrinks

the OLS estimator 6, towards zero. As in Knight and Fu (2000) we assume the following.

AsSUMPTION RE (i) &4 ~ i.i.d.(0,0?); (ii) max;—1,_n xjxs = o(n); (iii) Szz is nonsingular for

any n and converges to a positive definite matriz, Yop; (iv) 6 = dn=2; and (v) n " e, — co > 0.

The asymptotic properties of 6,, depend crucially on the shrinkage parameter ¢, as well as

on the magnitude of the coefficient vector #. In particular, rearranging (4.7) yields
n2(0, —0) = n'/25718,. + by,

where b, := —c,n" 25,10 = E(n'/?(#, — 0)) is a bias term. Note that b, can either converge
or diverge, depending on the magnitudes of ¢, and 8. We are interested in the case where
the regressors have limited explanatory power, i.e. where § = on~12 is local to zero as in
Assumption RE(iv). Indeed, this case can be taken as a motivation for shrinkage towards zero
and hence for ridge estimation. If, in addition, n~'c, — ¢y > 0 as in Assumption RE(v) (see
also Knight and Fu, 2000), then b,, does not vanish as n — oo unless ¢p = 0. Hence, for ¢y > 0,
6,, is asymptotically biased and the bias term cannot be consistently estimated.

Consider a (test) stastistic for Hp of the form
T, :=n'?(g'0, —r).
It is not difficult to see that, under Hg, 7}, satisfies Assumption 1’ and, in particular,
T, = n1/2g’(§n —0) = nl/Qg’S';xlSm + B,
where B, := ¢'b, = —c,n~/2¢’S.10. With ¥,, 1= S, + colp, under Assumption RE and Hy,
E1m =Ty — By =n'2¢'818,. % & ~ N(0,0%), (4.8)

where v? := ¢2¢/S 1%, 5-1g. Hence, inference based on the quantiles of the N(0,v?) distri-

bution is invalid unless ¢ = 0.

BooTsTrAP. Consider a pairs bootstrap sample {y;, x; } built by i.i.d. resampling of the tuples
{yt,z;t =1,...,n}. The bootstrap analogue of the ridge estimator is é;; = S’;lx* Sg#y+, where
S’m*x* = Sprpr + nflcnIp. With e} = y; — égxf, we consider the following bootstrap analogue

of the original test statistic,

~

Ty o= n'"2g' (0, — ) = B}, + & .

where
B = —c,n Y2¢'S2L 6, and §in = nl/zglgg}z*sm*s*. (4.9)

Note that T} is centered using 0,, to guarantee that e; and zf are uncorrelated in the bootstrap
world.

As we show next, the bootstrap fails to approximate the asymptotic distribution of T),
(see also Chatterjee and Lahiri, 2010, 2011). The reason is that, although &7, mimics &,
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(the stochastic part of T,,), B} does not approximate B,, in large samples. To determine the
distribution of the bootstrap p-value, we verify the high-level conditions in Section 3. We do
this through the following two lemmas, which are based on the fact that in large samples B} is

close to its non-bootstrap analogue, B, = —cnn_l/zg’ggxlén.

LEMMA 4.9 Under Assumption RE and the null hypothesis Hy : ¢'0 = r it holds that
T, — By, 'S
) = 7 Paa W28, 4 (S ) o NG, v, V= (vij), (4.10)
B, — B, —cyn g’ S 1S &

with vi1 = v? as defined above, vi2 = —cog'SiYrag, and vay = 3g'S tN 1N 1g.

LEMMA 4.10 Under Assumption RE and the null hypothesis Ho : ¢'0 = r, and assuming also
Ee} < 0o and max¢—1,. n Tyt = o(n1/2), it holds that Ty — B =T — B, + 0;(1) LN N(0,v?),
i probability.

Hence, we can rely on Corollary 3.4, which implies that the bootstrap p-value satisfies

P % ©(m® (U y))) (4.11)
with m? given by
SCS oy (4.12)
9S50 SexSng

see Appendix B.4. Notice that (4.11) holds irrespectively of § being fixed or local to zero. Thus,

the bootstrap is invalid unless ¢y = 0 which implies m = 1.

REMARK 4.6 In the univariate case (where we set g = 1) it follows from (}.12) that
m=14cy/Tpzs > 1,

with equality holding only for co = 0. Hence, a left-sided test with nominal level o € (0,1/2)
that rejects when py, < « is over-sized. Specifically, its asymptotic size follows from (4.11) and
s given by

P(pn < a) = P(@(md ' (Up ) < a) = (27 (a) o2z ),

which is greater than o unless co = 0.

REMARK 4.7 It is worth noting that the cdf of the ridge test statistic, conditionally on the data,
is random in the limit, see Remark 3.3, unless co = 0 (i.e., ¢, = o(n)). Specifically, using the
fact that B, — B, L\ & and B, — B := —cog'Ses0, the distribution of T, conditionally on
the data, converges (weakly) to the distribution of £ + & + B conditionally on &, where & is
distributed as & and is independent of &o. That is, P*(T)F < u) —y ®((u — & — B)/v).

REMARK 4.8 The use of the pairs bootstrap (which implicitly sets 0, as true parameter under
the bootstrap probability measure) guarantees that B, — B,, is centered around zero as n — 00,

as required in Assumption 2.
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RESTORING BOOTSTRAP VALIDITY. Post-ridge estimation valid inference can be performed
using either the plug-in approach or the double bootstrap. For the plug-in method, a simple

consistent estimator of m is given by

PN
niTA ==
g’ xmlS:m:Sxxlg

Inference based on the plug-in modified p-value,

ﬁn = I;[n(ﬁn) = (p(q)il(ﬁn)/mn)a
is then asymptotically valid by Corollary 3.2.
To implement the double bootstrap, it suffices to construct the double bootstrap sample
mimicking the first-level bootstrap scheme. That is, we can draw the double bootstrap sample
{yf*, x5t =1,...,n} as i.id. from {yf,z};t = 1,...,n}. Accordingly, the second-level boot-

strap ridge estimator is 5;* = 5’;*1* pex Sy With associated test statistic

T = 02 (0 — 03),

which is centered at the first-level bootstrap OLS estimator, é; It is straightforward to show
that, without additional assumptions, prepivoting based on the double bootstrap provides valid
inference. In particular, the following lemma verifies Assumption 3’ and validity of the double

bootstrap modified p-value follows by application of Theorem 3.2.

LEMMA 4.11 Under the assumptions of Lemma /.10, it holds that (i) T;"* — é: Cgp* N(0,v?),
in probability, with B = —c,n~12¢'S7L 0%, and (ii)

n’

T - B, \ &
T S N(0, V),
(T2 ) 4, vam

where By, and V are defined in (4.9) and (4.10), respectively.

4.5 NONLINEAR DYNAMIC PANEL DATA MODELS WITH INCIDENTAL PARAMETER BIAS

Another example that fits our framework is inference based on panel data estimators subject
to incidental parameter bias. We consider the properties of the cross-sectional pairs bootstrap
considered by Kaffo (2014), Dhaene and Jochmans (2015), and Gongalves and Kaffo (2015) in
the context of a general nonlinear panel data model. Although this bootstrap cannot replicate
the bias, we show that our prepivoting approach based on a plug-in estimator of the bias is valid.
Recently, Higgins and Jochmans (2022) proposed a (double) bootstrap procedure that retains
asymptotic validity without an explicit plug-in estimator of the bias, but their procedure relies

heavily on the parametric distribution assumption.

SETUP. Let z;; denote a vector of random variables for a set of n individuals, ¢ = 1,...,n, over
T time periods, t = 1,...,T. Given a model for the density function f;1(0,«;) := f(zi, 0, o),
the parameter of interest is 6 € ©, which is common to all the individuals, while «; € A denote

the individual fixed effects. The fixed effects estimator of € is the maximum likelihood estimator
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(MLE) defined as

n T T

0, = arg r;leaécz; tz; log fit(0,Gi(0)), where &;(0) = arg g}éﬁ; log fit(0, cvi). (4.13)
1= = =

Under certain regularity conditions (see, e.g., Hahn and Kuersteiner, 2011), including letting

n,T — oo jointly such that n/T — p < oo,
Ty, = VnT (6, — 0) % N(B,v?), (4.14)

where B denotes the incidental parameter bias and v? is the asymptotic variance of 0,,. Hence,
Assumption 1 is satisfied with &1 := N(0,v?) (equivalently, Assumption 1’ is satisfied).

The exact forms of B and v? may be quite involved and depend on the type of heterogene-
ity and dependence assumptions imposed on z;. A standard assumption is that z;; is indepen-
dent across ¢ while allowing for time series dependence of unknown form; see Hahn and Kuer-
steiner (2011).

BooTsTrAP. Given the cross sectional independence assumption, a natural bootstrap method
in this context is the cross sectional pairs bootstrap. The idea is to resample z; = (241, .., 2zi7)
in an ii.d. fashion in the cross sectional dimension. If z;; = (yir,zi) and f(zi, 0, ;) =
f(yit|xit, 6, ;) is the conditional density of y;; given x;, this is equivalent to a cross sectional
pairs bootstrap. As the results of Kaffo (2014, Theorem 3.1) show, this bootstrap fails to cap-

ture the bias term B. In particular, letting é;’; denote the bootstrap analogue of én, we have that

T* = VT (0 — 6,) S, N(0,0?),

which implies that®
P 1= P* (T < Tp) = ®(v ' T) + 0,(1) 5 O(v™' B + &~ (U 1))).
Thus,
P(pn < u) = H(u) := P(®(@ (U 1)) + v 'B) <u) = &(® ' (u) —v™'B),

which shows that the bootstrap test based on p, is asymptotically invalid since its limiting

distribution is not uniform.

REMARK 4.9 Note that, in this example, Ly(u) := P*(T < u) —, ®(u/v), showing that the
bootstrap conditional distribution of T, is not random in the limit. The invalidity of py is due
to the fact that the cross sectional pairs bootstrap induces B, =0, whereas B = 0. This implies
that B,— B = —B := &5 is mot random. The fact that & is not zero is the cause of the bootstrap

invalidity. See Remark 3.1, which contains this example as a special case.

Contrary to previous examples (see, e.g., Remarks 4.1 and 4.3), B and v can both be con-

sistently estimated. Hence, in this example we can restore bootstrap validity by modifying the

5Note that this result can also be obtained by an application of Theorem 3.1 by setting & ~ N(0,v?), &, = —B
a.s., Gy(u) = ®(v™'u), and Fy(u) = P(&1 — & < u) = ®(v~'u — v B). Although Assumption 2'(ii) is not

satisfied here, because it requires B,, — B to be asymptotically centered at zero, we can still appeal to Theorem 3.1
since Assumptions 1 and 2 hold.
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bootstrap p-value using a plug-in approach. More specifically, let B,, and ©,, denote consistent

estimators of B and v, respectively.” By Corollary 3.2,
Pn = f{n(ﬁn) = (I)((I)_l(ﬁn) - @_1Bn) - U[O,lb
where H,(u) := ®(®1(u) — 0,1 B,) is a consistent estimator of H(u).

REMARK 4.10 A double bootstrap modified p-value version of py, is not valid in this setting.

The reason is that the double bootstrap mimics the behavior of the first-level bootstrap, i.e.
Tt = VT (05 = 05) S, N(0,0%),

so that B* in Assumption 3(i) is zero. Since B, = 0, Assumption 3(ii) holds with B — B, = 0,
whereas Assumption 2(ii) has B, — B, = —B. Then,

Ak kK ([ — *ok — * — %\ dF —
Py =P (v 1Tn <v 1Tn) = O(v 1Tn) —p O(P 1(U[0,1})) = U[o,l],

whereas
~ d _ _
Pn = @@ (Up1)) + v ' B).

~

Thus, Hy,(u) := P*(p% < u) is not a consistent estimator of H(u), invalidating pn = Hy(Pp).

REMARK 4.11 A special case of the previous setup is a linear panel dynamic model, where
Zit = (yit,l';t)/ and xi s a vector containing lags of yi (Hahn and Kuersteiner, 2002). In
this case, the plug-in modified p-value, Py, based on the cross sectional pairs bootstrap can be
implemented using any consistent estimator of B, as described above. However, we can also
use a recursive bootstrap that exploits the linearity of the model to obtain an asymptotically
valid standard bootstrap p-value, p,. The validity of p, follows from the fact that the recursive
bootstrap estimates B consistently, contrary to the pairs bootstrap (Gongalves and Kaffo, 2015).
In light of this, prepivoting p,, by computing a double bootstrap modified p-value p, = ﬁn(ﬁn) is

not needed in this example, but it is still a valid alternative.

5 CONCLUDING REMARKS

Estimators with (asymptotic) bias arise in all areas of economics and statistics. Inference is
challenging because the bias typically cannot be estimated.

In this paper, we have shown that in statistical problems involving bias terms that cannot
be estimated, the bootstrap can be modified to provide asymptotically valid inferences. Our
solution is simple and involves (i) focusing on the bootstrap p-value; (ii) estimating its asymp-
totic distribution; (iii) mapping the original (invalid) p-value into a new (valid) p-value using
the prepivoting approach. These steps are easy to implement in practice and we provide suffi-
cient conditions for asymptotic validity of the associated tests and confidence intervals.

Our results can be generalized in several directions. For instance, there is a growing literature

where inference on a parameter of interest is combined with some auxiliary information in the

"Since we reserve the notation Bn for the bootstrap-induced bias estimator (which is zero for the cross sectional
pairs bootstrap), we use the notation B, to denote any consistent estimator of B in this setup. For instance,
B,, could be the plug-in estimator proposed by Hahn and Kuersteiner (2011), which is based on a closed-form
expression of Bi. Another option is the half-split panel jackknife estimator of Dhaene and Jochmans (2015).
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form of a bound on the bias of the estimator in question. These bounds appear, e.g., in Oster
(2019) and Li and Miiller (2021). It is of interest to investigate how our analysis can be extended
in order to incorporate such bounds. Other possible extensions include non-ergodic problems,
large-dimensional models, and multivariate estimators or statistics. All these extensions are left

for future research.
APPENDIX

A  PROOFS OF MAIN RESULTS

Proor oF THEOREM 3.1. First notice that p, and G, (T}, — 3n) have the same asymptotic

distribution because Assumption 2(i) and continuity of G, imply that

‘ﬁn - GW(Tn - Bn)’ S SU£|P*(T; - Bn S U’) - G“/(“)’ £> 0.
ue

Next, by Assumption 2(ii), T, — By, —a &1 — &, such that
A d
Gy(Th = Bn) = G (61 — &2)

by the continuous mapping theorem using continuity of G,. Since & — &2 has continuous cdf
Fy, it holds that & — & ~ Fd)_l(U[OJ}), which completes the proof.

PROOF OF THEOREM 3.2. To prove this result, recall that H,(u) = P*(p* < u) and H,(u) =
P(pn, < u), where Hy,(u) — H(u) = Fy(G;'(u)) uniformly in u € R, since H is a continuous
distribution function by Assumptions 1 and 2. We have that

Bh= P S T3) = PUTY - By < T3 - B)

=G,(T,, — B;,) + 0p<(1), by Assumption 3(i),
= Gy (F; ' (Upay) + 0p+ (1), by Assumption 3(ii),

where G (Fy L 0,1])) is a random variable whose distribution function is H (u). Hence,

sup |H,(u) — H(u)| = op(1).
u€ER

Since H (pn) —+q U 1), we can conclude that p, = I:In(ﬁn) —d Up,1)-
B ADDITIONAL PROOFS

B.1 PROOF OF RESULTS FROM SECTION 2

DERIVATION OF vin. It suffices to note that 7;, — B,, satisfies

S:L« Smx Smx.z
T, — Bp = (1-w)S;,}, wSy,)n'/? T ~ (1-w)Sy  wS N |0, :

which implies that vf, = w?S;!. + (1 — w?)S,,, which can be written as
2 11(1w2)[3§z_1(1_’_w2 ﬁ%z )

vy, = ~ = 2
L Sz 1- P%z Szz 1- P%z
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with pp, = S2a/28,, 5.

;xlSmS;;wnl/zszs,x, we obtain

DERIVATION OF Ug,n' Noting that B, — B, = (1-w)S

o w)QS—l 15920,2

v3, =V(B,—B,) = (1-w)?S8;25%2 5} = e T

-2

DERIVATION OF vin AND m,,. First, notice that v?l’n = v%’n + v%n — 2012, Where v, =

Cov(T,, — Bp, B, — B,,). The latter term is given by

vign = Cov((1 — w)S;tn' 28, + wSt n2S,e ., (1 — w) S5t S5 028, )

Txr.z

= B((1 —w)?S18,.n'28715,.571 n'/28.. ) + BE(w(l —w)S; .n'/%8,. .8718,.57 ) n'/?S.. )

zZZ.T rx.z

=w(l—w) Sy .S 82,82k (p2. — 1),

TL.Z27XxXx T XZTZZ.XT

where we used the facts that E(SzeS.c) = 0 and E(nSye Sz 0) = Seo(p2, — 1). Because

1 1a2 a—1 Sz P2
S xSz 8252 = o = SpoRvt
pEETE TR AR Szz(Szz - ngsx_xl)(sxz - S,ng;Zl) SIECB(l - pgm)2

we have vi2, = —w(1 — w)S;tp2, (1 — p2,)~ 1, and it then follows that
1 [32 > 1 ﬁ? p2
2 2 2 2 Tz 2 Tz 2T
vy, =vi, +v5, —2v = — (14w —2— |+ (1l —-w)'—— 4+ 2w(l —w)—F——
dn 1,n 2,n 12,n S < 1_ %Z ( ) S 1— p:%Z ( )sz(l — pgx)
1 1 2 2 A2 242 2 1 1
= Siml — /A)%z (1 — Pxz +w Pz + (1 - w) Pzz + 2w(1 - w)pzm) = Siml—iﬁgz
Finally,
. -1
o (7 ()
2 2 2 1 2 Tz
m: =v5, Jvi, =——-—|8 1+ w ——=—
" dm/ B S 1 — Pz ( o < 1—pz,
R 9\ —1
— 1 (1_p§z+w2piz> :< 1 >
1- ﬁ:%z 1- pA:%z 1- (1 - wz)ﬁ%z

B.2 PROOFS OF THE RESULTS IN SECTION 4.2

ProoOF OF LEMMA 4.1. Under Hy and our normalization conditions on the regressors,
nl/QSxy = 77/1/25332(5 + n1/2Sxa = SzzC+ n1/2Sa:a
since § = n~1/2¢. Hence,
1/2S
TTL - u — 5';155520 + 5’7;1711/253;5,
On
so the result follows by Assumption OC if we can show that
62 =n"tdéw,0 (B.1)

To prove (B.1) we write & =y — Wb, = & — W (b, — b), which implies that

52 =n7tee + Saw (b —bp) + (b —by)'Swe + (b —by)' Syww (b — by).
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Under Assumption OC it holds that n~'e's —, 02, Swe = Op(n~/2), and Syw = O,(1).
Thus, (B.1) follows if b, — b = 0,(1). To see that b, — b = 0,(1), note that

l;n = (;n - Am
where A, := A,,5, and A,, := (=5.,,0,1,)". Under Assumption OC, by, —p b and A, —p A=
(=%226,0',8") = O(n~'/?) because § = O(n~"/2). Thus, b, —, b, which proves (B.1).

PROOF OF LEMMA 4.2. Proof of (i). Because

ﬂ;kz = S;;_QS:vy*.Q = Szy*.Q = Bn + S:ngn + Szex,
we can write
Ty o= (B — Bn) /5™ (By) = (By, — Bn) /63 = Sez6y 020, + 657 012 e

and the result follows by proving that (a) n'/2S,.- ﬂp N(0,0?) and (b) 5.2 p~*>p o?.

Proof of (a). By construction *|D,, ~ N(0,621,) and n'/2S,.«|D,, ~ N(0,62). The result
follows because 62 —, 0% (as in Lemma 4.1). Note that we could have used £*|D,, ~ N(0,521,)
since 62 —, o2 by (B.1).

Proof of (b). We write

E =y — Wb =" — W (b — by),

2% =%/

where b7, := (8%,7,0'), implying that

532 =718 = n7leYe* + Soop (b — b)) + (b — %) Syyer + (by — %) Sy (b — bY). (B.2)

n

Here, n~te*e* p—*>p 0? because E*(n~le*e*) = 62 —, 02 and Var*(n~le¥e*) = n7125% —, 0.
The result then follows by showing that the remaining terms on the right-hand side of (B.2) are
0p<(1), in probability. First, note that Sexyr = Oy« (n~/2), in probability, by part (a), whereas
Syww = O,(1) by Assumption OC. Thus, part (b) follows by showing that b, — b% = 0,+(1), in
probability. To show this, we write
b, = b, — A7,

where A* := A,,6* with A, := (=5!,,0,1,)". Letting A, := A,0,, as in the proof of Lemma 4.1,
yields

~ ~ ~ ~ ~ ~

bY — by = (b5 —by) + (A% — Ay) — A,

n

Under Assumption OC,

b: — b, = Sv_VleWE* = 0p+(1), in probability,
Ar — A, = A, (8% — b,) = 0p+(1), in probability, and
Ap = Ap6 4 Ap(6n — 8) = O, (n7Y?) = 0,(1),

since § = O(n~'/2), which shows that b, — b’ = 0,+(1), in probability.
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Proof of (ii). Note that we can write
T, - B 128,
: i e
B, - B Yozn/2(6, — )

n'/2(6, —8) = S,L nY?Sz. . =S, (nY2Sz. — Sz.n?S.).

where

By Assumption OC, it follows that
n'/2(6, — 6) = 2,5 (n'2Sz. — £z.n12S,0) + 0,(1),

which implies that

T, - B 1 0 o~ n'/28,,
2 - —1 ~1 ~1,1/2 +0p(1).
Bn - B —Exzzzzlxzzx Exzzzz.z g n SZE

The result then follows by direct application of Assumption OC.

PROOF OF LEMMA 4.3. This result follows by arguments similar to those used in the proof of

Lemma 4.2.
Proof of (i). We write

T;:* — (B** B*)/S(ﬁ**) — CCZU** 1 1/25* 51 1/2S —

using the facts that B — Br = Suz0* + Spees and s2(3*) = n~15%2. We then show that
(a) /28 e —>p N (0,0?) and (b) 65+ p—>p* o2, both in probability. Proof of ( ): By

n

{D*,D,} ~ N(0,5%2), and the result follows because 2 2 —>p o? as

construction, n'/2S, -

shown in Lemma 4.2. Proof of (b): As in the proof of Lemma 4.2, we can write

G2 = T e Sy (B — ) 4 (b — b)Y Syyeee + (b5 — b)Y Syrw (b5 — b5). (B.3)

n

Here it holds that n~le**g** ;p* o2, in probability, since E**(n~te*¥e**) = 52 p—*>p o? and
Var**(n~=le®e*) = n=125:4 *p 0. The result then follows by showing that the remaining
terms in (B.3) are oy« (1). First, note that Syyee = Opes (n~1/2), in probability, by part (a)
and Syww = Op,((1) by Assumption OC. Second, note that [;;: — l;;‘l* = op++ (1), in probability, by
completely analogous arguments to those in the proof of Lemma 4.2.

Proof of (ii). We write

T; - 371 ~—1 nl/QSxe* + (1)
A~ A = 0 A A Op* 5
B* — B, "o\ Sunt/2(6r = 6,) P

n1/2(8: - 8 ) ‘SEZJ; 1/QSZs* T = SZZ:(:( 1/2SZ5* - SZ:cnl/QSacs*)-

in probability, where

This implies that

- B, 1 0 G /28,
> = —1 —1 ~—1,1/2 + op<(1),
B* B, 82285 520 SezS5, . G int/2S8 .
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in probability. Since £*|D,, ~ N(0,52), we have that

1/2 . R ~ 1
st [ S ) D N (0,00, O Sz |
nl/zsze* SZCE Ip

The result then follows by Assumption OC.
B.3 PROOFS OF THE RESULTS IN SECTION 4.3
PROOF OF LEMMA 4.4. To show that Y}, := n'/2A,e —4 N(0,v2), notice that
Spez =3’ My, e =n"Y2'e — 2’ Z,n(Z),Z,) 'R, Z'c)
= ([1,802,, (2, 20) " Rip) Swe = dpyy Swre,

where, under the stated assumptions,

M M
dpn =Y WmSp y dm —pdar = WS,y dm. (B.4)
m=1 m=1
Hence,
M A~
Yo=Y wmS,t, dn'2Swe = dyy, (nY2Sw.) % N(0,0?) (B.5)
m=1

with v? = JMQJM.

Proor oF LEMMA 4.5. The first statement of the lemma follows straightforwardly using

previous arguments. Next, note that
n'2(8, —0) = S,L Szew =S,k (—SzuSsa, I)n"*Swe,
from which it follows that

By = By = AnZn'* (80 = 8) = AnZS 7 (= SzoS5t I)n' S

T

M
-1 -1 -1 1/2 LT 1/2
= Z WmemZmSzZ.ZmSzz_x(_SZng;gg an)n / Swe =: bM;nn / Swe,
m=1
where b M,n satisfies
M
Vipn =p by =Y wnXl, YL (=Ygz.20 1)
Mm —'p "M - MAgg. Ly L Lo = 7 7 ZxHgxoLq)
m=1

Hence, using (B.5),
TTL - Bn d7/
[ = Mn ) 2w 4 N0, V),
Bn - Bn b/M,n
Vv

_ [ duQdy dy Qb (v v
B Qdar Qb vo1 vz )
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where vy = v%, vio = vo1 = d};Qbys, and

M

/
V22 - = E/]V[QBM - (Z me;:zrl.ZmZ$Z'Zm> ZZJ: (Z Win 2 wa Y. Zm) :
m=1

PROOF OF LEMMA 4.6. First note that we can write B** = A,y*™, which implies that

B = Apaft + ApZ65 + Ape**
It follows that

Tt = w25y — ) = B+ A
where B := n!/2A,Z5*% and

wx _ 1/2 -1 1/2
Yn =N / AnE E U)m 2. Zom n / st**.Zm

Mz

xe d/ 1/25W - — dM nl/QSW x

m=1

Since e**|{D,,, D%} ~ N(0,6%21,), we have that

Y *{D,, D:} ~ N(0,9}?) or 0~ Y, *|{D,,, D} ~ N(0,1),
where

012 = dyy, (Var* (02 Syee)darn = dig (652 Sww ) dasn-
Under our assumptions, 672 p—*>p

o, Sww —p Xww, and JMm —p dp. This implies that
2 2,2, and hence

Yn** _ (’U+U —’U) *— 1y** _ 6;;—11/** (@ —’U) k— ly**

= 00 Y 4 ope (1) d—>p* N(0,0?%),

in probability. This proves that T*

B 5, N
of (T — BX, B*

(0,v2), in probability. For the joint convergence
— B,)’, we write

n'2 (65 = bn) = S5 % 48z 2 = Sz o(—Sz285) Ig)n' 2 Swes,

from which it follows that

T* — B, d -
o = M ) n 28y {Dy, DX} ~ N(0,Vy)
BZ - B, b/]W,n

since n'/2Sy o |{ Dy, DE} ~ N(0,€,). Here, Q, := 62Syw because e*|{D,,, D} ~ N(0,521,).
This implies that

| P11 Di2m
21,0 U221
is such that Vj, —p V, from which the desired result follows
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ProOF OoF LEMMA 4.8. We first prove that

Sywew+ — Sww Zp 0, (B.6)
nl/QSx*E* )
* . 1/2 dx . 0%z 0
Spim | (S -5 | SN0 Be= (T D) @)

nl/Q(S:c*x* - Sxa:)

Here, (B.6) follows by straightforward application of Chebyshev’s LLN.

To prove (B.7), we first compute the mean and variance of S);. Note that the mean of S} is
zero by construction; for example, E*(n'/2Sy o) = n=1/2 Sopy Ef(zref) = n'/25,: = 0 by the
OLS first-order condition. In addition,

n
Var*(n'/28e0e) = n~! E E*(a3%ef?) =n! E 222 B o2y
t=1

under Assumptions MA and MAjy. Similarly, letting

( n1/2(8x*z* - Sa:z)

=nY2(Spewe — Saw ),
n1/2(5x*m* — Smx) > " ( v W)

we find that
Var* (n'/2 (Spew+ — 12 vewy — B (ww))) (zewy — E* (ajwy))
=n! Zx?wtwg — Saw Swa By, - YW B W -
Note also that the covariance between n'/2S,«.« and n1/2(Sx*W* — Syw) is zero because
n n
E*(nSyeex Speyy+) = n L E* <Z xie} Zmiwi) =n 1E* (Z 2w} €t>
t=1 s=1
= B*(2}*wiel) =n~! thwtet =0
t=1

by Assumption MAs(ii). Thus, we have shown that E*(S}) = 0 and E*(S}:S;) —, Xs. The
result (B.7) now follows because the stated moment conditions imply the Lindeberg condition
by standard arguments.

Next we can write
T — By = 02871 Spece + BE — B,

where

B — B, = (851, Sy — 8718, )26,

Adding and subtracting appropriately, we can write this difference as
Bf — B, =n'?(S7L Sy — 57180200 4 (Spt Sy e — Syt Suz)n/2(6, — 6),

where n'/2(6, — 6) is O,(1) by a CLT and S,.1 . Sy« — S!S, = 0,(1), in probability, by (B.6).
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The first term in B} — B, can be written as

Sk o2 (S — S02)8 — St Sot (Suva — Sur)n' /28,26
1/2 _

B -1 -2 n (S:L‘*z* S:cz) *

B 6(wa’ Exz ExZ) ( nl/Q(Sm*x* — S{E.’E) + Op(1)7

in probability, by application of (B.6) and Assumption MA(ii). It follows that

. 1/2 Sowv—8 )
* _g—1 _1/2¢x -1 -2 n ( T*z xz %
T — B, = S2h.n'/28% +6(95), —2:225,.) ( S S ) +o3(1)

= (3}

T

S 0, — 557 Ya20) S5 + 0 (1),
in probability. The required result now follows from (B.7) because
OUIDIRTIED g I.) ( 20 20 ) (372, Brn 6, — 77 Ba20)’
=2 105 4 d(0)2,d(8) = v* 4 K2
B.4 PROOFS OF THE RESULTS IN SECTION 4.4

PROOF OF LEMMA 4.9 AND DERIVATION OF (4.12). First notice that, since c,n~! — ¢p, under
Assumption RE we have that n/2S,. —4 N(0,0%%,,) and hence

T, — By o— I, d S Yz —col
. = (IL®g' S} n'28,. S (Lo ¢S;HN | 0,02
< B, — B, > (2®g ) ( —n"le, St ) e (2@g ) —col 2}

rx

-1y $-1 engS-15-1
~N(O,V), V=g 9T enTand 00T e an (B.8)
—C09 Yz Xz 9 €9 DD D g
This immediately implies that m? = vy + vy — 2v12 is given by
2 05 Vaa Nl g + 2009 Sl Sty + 050 Dal Sl g (B.9)
9S50 LoaYan g
The numerator of m? in (B.9) can be written as
gli;a}(zm + 2colp + C%E;asl)i;xlg = g’i;;@mz;;im)i;;g = 9/2;3319
and hence (4.12) follows.
PROOF OF LEMMA 4.10. Note that T} — B, = &, + B}, — By, where
B — B, = —cnn_l/Qg/g;a*én + cnn_1/2g/5’;rlén
= o g (S = 82 (0 — 00) — can 19 (S — 8508 = 05 (|| Sk — S )

in probability, such that B —B,, %, 0if S;.1. —S-1 %, 0. Because ’ Sl = O(1), which holds
under the stated assumptions, it follows that g;*lr* — 5’;361 has the same rate as ‘ Spear — Syl
Thus, Spegs — Spw = Syrgr — Sgz = n ! Yoiy @iz — E*(zfx)’)) p—>p 0 by a straightforward

application of Chebyshev’s LLN using that max; z}z; = o(n'/?).
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The proof is completed by showing that {7, satisfies the bootstrap CLT. By the above
results it holds that {7 ,, = =nl/2¢ E LG e +o, (1), in probability, so it is only required to analyze
the term n'/%g ’E LG = nl/ Si+ex, where T} 1= g E x}. First, we have E*(n1/25x*5*) =

n'/28,: = 0. Second,

n
Var*(n'/2 Sz ) = n~! g P2 =n7! g i2(é2 — o® +o?)
=1

n
=gy 1y, S g+ n Zi§(53—02)+0p(1).
t=1

Because & is i.i.d. and #7 non-stochastic, a sufficient condition for n=t >} | #2(e? — o) —, 0

is that Amin(3-1; 77) — oo, where Amin(-) denotes the minimum eigenvalue of the argument,
and this is implied by n=1Y°" | 72 — g’E RO I 5 kg > 0.
Third, we check the Lindeberg’s condition, where we set s2 := n.S,,. It holds that

* 1 *
82 ZE xt <€t H{|w*€;‘|>esn}) SiE (xt €t2]1{( )2>62n5m}>

n =1 e
< 1 - E* ( ~*4 *4)
~ 2nS2,
n~ max, 7 1 )
:7%22t S—Wy—hZ%%O
TT §=1 t=1
because n~! max; 7} = o(1) and &; has bounded fourth-order moment.

PrROOF OF LEMMA 4.11. The proof follows closely the proofs of Lemmas 4.9 and 4.10 and is

omitted for brevity.
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